Notes on FOURIER SERIES vy suman sadnukinan.
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Jy sinmxsinnx dx = { /2,
s

J, cosmxcosnx dx = { /2,
s .

fo cosmx sinnx dx = { 0,

T .
J, sinmx cosnx dx = {

f_nn sinnx dx = 0, for all value of n

0, forn>0

s
f_n cosnx dx = {271, Forn =0

whenn=m=0
whenn=m>0
whenn #m

whenn=m=20
whenn=m>0
whenn #m

whenn=m=20
whenn=m >0
whenn #m

whenn=m=20
whenn=m >0
whenn #m

fonsin nx dx = %{—(—1)" + 1} , for all value of n

{0, for evenn

%,for oddn

0, forn>0

s
Jo cosnx dx = {n, forn=0

2

{n

2

0, whenm=20

{E 6, Whenm =0

w, whenm =0
6un, whenm # 0

Jy F g dx = [f()g1(x) — f' (1) g2(x) + [ (X)g3(x) — f" () ga(x) + -+ ... . 1§

Consider a function f(x) defined for all values of x assuming that there exists some positive number T for which

f(x +T) = f(x). The function is called a periodic function and T is called a period.

If f(x) is periodic, well defined, bounded, has a finite number of extremum and finite number of discontinuity, then Fourier

series for f(x) converges to % [f(x +0) + f(x — 0)] at every value of x
If x = x, is a point of discontinuity, then f(x,) = %[f(x0 +0)+ f(xo —0)]
where f(x, + 0)and f(x, — 0)approaches from the right and left respectively.
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Dirichlet’s Condition

Consider an arbitrary function f(x) which satisfy the following three conditions in the interval(a, b)

1. itissingle valued uniformly bounded that is |f(x) | < M where a < x < b and M its constant.
2. It has finite number of point of discontinuity and all of them are first kind.

3. Itis finite number of point of strict extremum.

Statement of Fourier Theorem:

All the periodic function f (x) satisfy the Dirichlet’s condition can be expressed by a trigonometric series as

f(x) = ag + Yn=1(a, cosnx + b, sinnx) [Wherea,, a,,, b,, are known as Fourier co-efficients.]

Evolution of coefficient

we have f(x) = ay + Xp=1(a, cosnx + b,, sinnx) [Whereay, a,,, b,, are known as Fourier co-efficients.]
Where f(x + 2m) = f(x) for values of x outside of —mton

Multiplying both site by dx and integrate over the entire interval (—m to ) we get
[T f @) dx =7 ag dx + [T S21(an cosnx) dox + [T 5721 (by sinnx) dx
=ay f_nﬂ dx + Y- 1(ayn) f_nﬂ cosnx dx + Y1 (by) f_nn sinnx dx

= qg2n+0+0

T

Then [ao =" f@ dx]

Multiplying both site by cos mx dx and integrate over the entire interval (—m to ) we get
f_nnf(x) cosmx dx = f_nn apcosmx dx + f_nﬂ Yo_q(a, cosnx) cosmx dx + ffn Yo 1(by, sinnx) cosmx dx
= a, f_ﬂn cosmx dx + Y5, (ay) f_”n cosmx cosnx dx + Yo, (b,) f_nn cos mx sin nx dx

=ag 0+ Yo-1(an) by +20=1by 0= a,m

1

Then[ ap = f_nnf(x) cosnx dx ]

T

Multiplying both site by sin mx dx and integrate over the entire interval (—m to ) we get
f_”nf(x) sinmx dx = ffn a, sinmx dx + f_nn Yoo_i(a, cosnx) sinmx dx + f_nn Yoo (b, sinnx) sinmx dx
=a, f_nn sinmx dx + Yo—q(ay) ffn sinmx cosnx dx + Yo—1(by) ffn sinmx sinnx dx

=ap 0+ Zle(an) 0 + Z?{):l by 8y =bpym

1

Then[bn = f_nnf(x) sinnx dx}

T
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Functions having arbitrary period.

1. Leta function f(t) has a time period T. If we assume the relation between new variable t and x ast = %x

where the variable x has a time period 2 we have x|-m |=m
t|-12l712

Then Fourier Series of the function f(x) = ag + Yn=1(a, cosnx + b, sinnx) we have

[f(x) =f(t) =ay +Z:= a, cosz—+b sin@)]

Where f(t + T) = f(t) for values of x outside of —g tog

Nowas t = %x then dt = de or,dx = 2?’Tdt

Then ag = 5= 7 f() dx = 5 [17, F(©) Zrde = L1, f(©) ae

Znnt

an == " f(x)cosnx dx =~ [1% F(t) cos 2 Zrde =217 f(£) cos T dt

T/2 /2
_—f f(x) sinnx dx——fT//zf(t) nﬂ Z—Hd f%/z ® mﬂ dt

T (s <) e )
L

2. Letafunction f(t) has a time period 2L. If we assume the relation between new variable t and x ast = ;—ﬂx

where the variable x has a time period 2 we have x i - | s
t1—-L IL

Then Fourier Series of the function f(x) = ay + >n=1(a, cosnx + b, sinnx) we have

[f(x) =f(t) =ay +Zw_ an cos ™+ b, smn—nt) ]

Where f(t + 2L) = f(t) for values of x outside of —L to L

Now as t = 2= x thendt = Zdx or, dx = = dt
21 T L

Thenag =5 [7 f (o) dx = o 7, £(0) Tdt = o [7, f(©) de
nnt w

__f of () cosmx dx __f f(&)co os—- rdt _‘f_LLf(t) cosnTnt dt

by == T f(x)sinnx dx =~ [* f(©)sin®= Tdt = [*, f(£)sin == dt

[ao = %f_LLf(t) dt, J Eln = %f_LLf(t) cosnTnt dt,} [bn = %f_LLf(t) sinnTnt dt }
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Even and odd function

The function f(x) is said to be even if f(—x) = f(x)and odd if f(—x) = —f(x)

If the function is even

then a, = %f_ﬂﬂf(x) dx = %f_oﬂf(x) dx + %fonf(x) dx

Replacing x = —x in the first integral we get

@ = [7 f(=x) (—dx) + o [ () dx = = — [ f(x) (dx) + - f f(0) dox = 2% — " () dx = = [ £ (x) dx

Again, then a,, = %f_"nf(x) cosnx dx = %f_onf(x) cosnx dx + %foﬂf(x) cosnx dx

Replacing x = —x in the first integral we get

a, = %f:f(—x) cos(—nx)(—dx) + %fonf(x) cosnx dx = —%f:f(x) cosnx (dx) + %f:f(x) cosnx dx
=2x %fonf(x) cosnx dx = %fonf(x) cosnx dx

Again, then b, = %f_”nf(x) sinnx dx = %f_onf(x) sinnx dx + %fonf(x) sinnx dx

Replacing x = —x in the first integral we get

b, = lfff(—x) sin(—nx)(—dx) + %fonf(x) sinnx dx = %f; f(x)sinnx (dx) + %fonf(x) sinnx dx =0

T

If the function is odd

then ag = - [ f(x) dx = — [° f(x) dx + - [ f (x) dx

Replacing x = —x in the first integral we get

@y =—[7 f(=x) (—dx) + = [ f(x) dx = — [ f(x) (dx) + = [ f(x) dx = 0

Again, then a,, = 7%f_”nf(x) cosnx dx = %f_onf(x) cosnx dx + %fonf(x) cosnx dx

Replacing x = —x in the first integral we get

a, = %f;f(—x) cos(—nx)(—dx) + %fonf(x) cosnx dx = %f:f(x) cosnx (dx) + %f:f(x) cosnx dx =0
Again, then b,, = %f_"nf(x) sinnx dx = %f_onf(x) sinnx dx + %fonf(x) sinnx dx

Replacing x = —x in the first integral we get

by == [ f(=x) sin(—=nx)(—dx) + = [ f() sinnx dx = —~ [? f(x) sinnx (dx) + - [ f(x) sinnx dx

=2x %fonf(x) sinnx dx = %fonf(x) sinnx dx

For even function For odd function

ao_lfonf(x) dx , a, = %fonf(x)cosnx dx ap =0, a,=0

U

2 rm
b, =0 bn=;f0 f(x) cosnx dx
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Half range expansion

If f(x) has a time period 2r then for even function f(x) we have f(x) = ay + Y.p=1(a, cosnx)

If £(t) has a time period T then for even function f(t) we have f(t) = ay + z (an cos @)
n=1

If £(t) has a time period 2L then for even function f(t) we have f(t) = aq + Z (an cos ”Tnt)
n=1

Thenao == ["f()dx  or, ag=2["*f(t)dt o, ap= [ f()de

Tr T L

ay :%fonf(x) cosnx dx or, a,= %fOT/Zf(t) cos@ dt or, a,= %foLf(t) cosnTnt dt

Similarly If f(x) has a time period 27t then for odd function f(x) we have f(x) = Y51 (b, sinnx)

If £(t) has a time period T then for odd function f(t) we have f(t) = Z (bn sin @)
n=1

o]

If £(t) has a time period 2L then for odd function f(¢) we have f(t) = Z (bn sin mL“)
n=1
Then b, = %f:f(x) sinnx dx or, b, = %fg/zf(t) sin@ dt or, b,= %fOLf(t) sinnTnt dt

PERSEVAL’S IDENTITY FOR FOURIER SERIES.

With period 27 the Fourier expansion of a function f(x) is given by f(x) = ay + Yn=1(a, cos nx + b, sinnx)
Multiplying both side by f(x) We get f(x)f(x) = aof(x) + Z:zl(anf(x) cosnx + b, f(x) sinnx)
Integrating both side w.r.t x within the limit —rr to ™ we get
T FOOf G0 dx = [T ag fGIdx + [5 X1 (anf () cosnx) dx + [T 37 (bf (x) sinnx) dx

= ao J7, f(x) dx + Eiea(an) [5, f () cosnx dx + Eoa(bn) [T, f (%) sinnx dx

= QapQAyp 2+ Z?ﬁ:l(an) (an)n + Z?lc;l(bn) (bn)n

1 1
Then [ Effnlf(x)lz dx =a02 +E (anz + an)

Similarly for function f(t) with period T and period 2L we have[% f_Tﬁ2|f(t)|2 dt =ay? + % (anZ + an) }

&[ﬁﬂV®FM=%”§@ﬁ+mﬂ]

What is the advantage of Fourier expansion over the Taylor’s expansion?

The Fourier series can be used to represent discontinuous function where all orders of derivatives need not exist.
Whereas Taylor’s expansion is possible in case all orders of derivative do exists.
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Q.1 Find the Fourier series expansion of the function (square wave) mathematically defined as

—K, for—-m<x<0

4 1
f(x) —{ K, for 0<x<m where f(x + 2m) = f(x) And show that s 1-3t

vl =
|
N =
+

f(x)
1.0

Then a, =if_nnf(x) dx =if_0nf(x) dx+$f0”f(x) dx = if_on—K dx+%f0n1( dx = —%(0 - (—n) +%(n— 0)=0
an =%f_nnf(x) cosnx dx =%f_0nf(x) cos nx dx+%f:f(x) cosnx dx =%f_0n—l(cosnx dx+%f:Kcosnx dx

. 0 . T
K 0 K (m K [sin nx K |sin nx

=—= [ cosnxdx += [ cosnxdx =-—- [—] + = [—] =0
T - m 0 T n l_g T n Iy

b, = %f_nnf(x) sinnx dx = %f_onf(x) sinnx dx + %fonf(x) sinnx dx = %f_on —K sinnx dx +%f0nl(sinnx dx

0 T
K o . K rm . K CcOos nx K cos nx
=—= [ sinnxdx += [ sinnxdx =-= [——] + = [——]
T - m 70 T n l_gp T n lp

= —%(—1+cos nm) + % (—cosnm+1) = %{1 -(—D"

4k dd
b, = g for oddn

0 forevenn

fG)=0+>_,0+ %{1 — (—D"}sinnx = 21‘3‘5‘7““%sin nx

sinx , sin3x sin5x | sin7x )

Hencef(x)=%(1 t ot

f(x)

2.0
1.5
1.0
0.
N A AN\ 7
A/ Y2 Y Y 1 2 3

If we put x = gthen f(m/2) = K then from above equation K = ﬂ(1 —§+§—%+ )

T

HenceZ=1—S+1-24.. (proved)
4 3 5 7
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Q.2 Find the Fourier series expansion of the function (rectangular pulse wave) mathematically defined as

0, for—-m<x<0

s 1 1 1
f(x) _{ZK, for 0<x<m where f(x 4+ 2m) = f(x) And show that Z—l—§+g—;+---

£(x)
2.0

1.5

il 0

0.5

X

-3 =2 -1 1 2 3
Then a, =if_nnf(x) dx =if_0nf(x) dx+if0"f(x) dx =%f_0n0dx+if:2kdx = 0+%(n—0) =K
a, =%f_nnf(x) cosnx dx =%f_0nf(x) cos nx dx+%f0nf(x) cosnx dx =%f_0n0cosnx dx+%f:21(cosnx dx

2K
+ —
T

b 2K [sin nx]™
[cosnx dx = = —] =0
0 T n 0

=0

b, = %ffnf(x) sinnx dx = %f_onf(x) sinnx dx + %fonf(x) sinnx dx = %f_"no sinnx dx + %fon 2K sinnx dx

2K (m . 2K cos nx|™
=0+= [ sinnx dx == |- ]
m 0 T n Ip

— 2K 2k _
—nn( cosnn+1)—nn{1 —™y

4k dd
b, = g for oddn

0 forevenn

fOO) =K+ X2, 0+ Z2{1 = ()" sinnx =K + ¥ya57..—-sinnx

Hence f(x) = K +4—k(smx+ Sindx  sinSx f ST 4o )
T 1 3 5 7
f(x)
2.0
1.5
1.0
0.
oAl N\ -
_;\/ o, Y \/ 1 2 3

If we put x = gthen f(m/2) = 2K then from above equation 2K = K +%(1 —§+§—%+ )

K—4k<1 1+1 1+ )
T on 3 5 7 '

HenceZ=1—S+1-24.. (proved)
4 3 5 7
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Q.3 Find the Fourier series expansion of the function mathematically defined as

a, for—-m<x<0
b, for 0<x<m

f(x) = { where f(x + 2m) = f(x)

f(x)

3.0

2.8

2.6

2.4

2.2

-3 -2 -1 1 2 s~ “Takinga=2andb =3

ao =iffnf(x) dx =%f_0nf(x) dx+$f0nf(x) dx =$f_0nadx+if0nb dx = —%(0— (—m) +%(n— 0) =%(a+b)
a, =%f_nnf(x)cosnx dx =%f_0nf(x)cosnx dx+%f0nf(x)cosnx dx =%f_0nacosnx dx+%f:bcosnx dx

a 0 b (m a
== [ cosnxdx += [ cosnx dx == [
T - T “0 T

=0

. 0 . T
sin nx b [sin nx
-

n n 0

b, =%f_nnf(x) sinnx dx =%f_0nf(x) sinnx dx+%f0"f(x) sinnx dx = %f_onasinnx dx +%f:bsinnx dx

0 T
a o . b m . a Ccos nx b cos nx
== [ sinnx dx += [ sinnxdx == [——] + - [——]
T - m 0 T n l_p T n lp

= na—n(—1+cos nm) + g (—cosnm+1) = M{1 - (D"

nrtm

2(b—a) id
b, = - , foroddn

0 forevenn

flx) = %(a +b)+Y7 .0+ %{1 — (—1)"}sinnx = %(a +b)+ 21_3_5_7____2(2_@ sinnx

T

f(x)

3.0

2.8

2.6

2.4

2/0

-3 -2 -1 1 2 3

Takinga = 2and b = 3
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.4 Find the Fourier series expansion of the function mathematically defined as

f(x) =4, for 0<x<m  wheref(x+ 2m) = f(x) And show that %:1—§+%_%+...

Then a, Z%fonf(x) dx =%f0nA dx =A

_ 2

an = ;fonf(x) cosnx dx = %fO"A cosnx dx

2A rm 24 [sin nx]™
=—fcosnxdx=—[ ] =0
T -0 T n 0
2A (m . 24 cos nx]™
by = == ["sinnx dx == |- ]
T 0 T n 0

2 T . 2 .
= J, f()sinnx dx == [ Asinnx dx

=2 (- — 2 1)
_nn( cosnn+1)—nn{1 D™

44 dd
b, =nn’ for oddn

0 forevenn
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Q.5 Find the Fourier series expansion of the function mathematically defined as

—x, for—-m<x<0

f(x) :{x, for 0<x<m that means fx)=|x|, for —m<x<m

s
where f(x + 2m) = f(x) And show that STttt e
f(x)
3.0
25
20
15
10
0.5
T - ; o x

s T T 2 2 w
Then a, =if_nf(x) dx =if_0nf(x) dx+if0 fx) dx=if_0n—xdx+if0 xdx = —i(%+%)=;

a, = %ffnf(x) cosnx dx = %f_onf(x) cosnx dx +%f0nf(x) cosnx dx = %f_on—xcosnx dx +%f0nxcosnx dx

1 0 1 T .
=7z f_,TXCOS nx dx  +- fo xcosnx dx ............. 1)
1 sin nx —cos nx]° 1 sin nx —cos nx]™
=-—= |x—— + - |x - ==
T n n - T n n 0

=1 [(0-2) - (== + (0 -=F5) - (0 - D 1" -
Another method

Replacing x = —x in the first integral in equatiobn (i)we get

a, = —% f; —x cos(—nx) (—dx) +% fonx cosnx dx =2 X% fonx cosnx dx
2 sin nx -cos nx]® _ 2 —-(-)" -1 2 n —iz, for oddn
e R P
T n n_ o 7 n n mn 0 forevenn
b =lf" f(x)sinnx dx =lf0 f(x) sinnx dx+lfnf(x) sinnx dx = lfo —x sinnx dx+lfnxsinnx dx
n T’ TY-T mJ0 YT Y0
1 0 . 1 T . ..
=—= J_, xsinnx dx - Jo xsinnx dx ... (ii)
1 —Co0Ss nx —sin nx]° 1 —CoSs nx —sin nx]®
o[ o
T n n?2 l_p = n n2 g

2[00 (S04 (200 0] -0

Another method

Replacing x = —x in the first integral in equatiobn (ii)we get
b, = —% f; —x sin(—nx) (—dx) +% Jo xsinnx dx :—% Jo xsinnx dx +% Jo xsinnx dx =0

nn?

Then f(x) =7+ ZOO ) ({i (- - 1)} cosnx + 0sin nx) =2+ 31357..~ #cos nx
e

_m™ 4 (cosx  cos3x , cos5x | cos7x
f&) =3-2\% 32 52 72

Now putting x = 0 we have f(x)=0

ion0=T_%(L 1, 1 1
Then from above equation 0 = - n(12+32+52+72 - )
2 1 1 1 d
Then?—§+3—2+5—2+ cerwee e (prOvEd)
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Q.6 Find the Fourier series expansion of the function mathematically defined as

f(x) = {g: ];?c:ﬂr_g:;:::r) where f(x + 2m) = f(x) And show that %2 = 1—12+3l2+5l2+
1(x)
30
25
20
15

1.0

0.5

X

-3 -2 -1 1 2 3
0 0 2
Thenao = — " fG) dx =—[° f)dx+ - [ fG)dx = [ Odx+—[Txdx=—() =1

n =%ffnf(x) cosnx dx =%f_0nf(x) cos nx dx+%f0nf(x) cosnx dx =%f_0n0cosnx dx+%f:xcosnx dx

%f:xcosnx dx = % [XM_M]Z Z%[(O__(_Zl)n)_(o_nz)] 2 (D" -1

n n2 n

—, foroddn

0 forevenn

a, =
n = %ffnf(x) sinnx dx = %f_onf(x) sinnx dx +%f0nf(x) sinnx dx = %f_"no sinnx dx +%f0nxsinnx dx

n n?

:% Jy xsinnx dx = % [x zeosmx M]Z = %[(7(7[)(_;_1)1;) - 0) -(0- 0)] = _(-Tn"

, foroddn
b, =

SIr3 e

for evenn

Then f(x) = g+ Zm_l — (D" - 1)} cosnx + - sin nx)

T sinnx sinnx
= ;"'21,3,5,7... —Cosnx + Y35 — Y246..
14 cos x cos 3x cos 5x cos7x sinx sin 3x sin 5x sin 2x sin 4x sin 6x
f(X) Z_;(lz ) + 2 + 72 )+(T+—3 +—5 . )-( > + " + p )

Now putting x =  we have f() = %[f(n +0)+f(r—-0)] = %(0 +7) = g

Thenfromaboveequationg =%+%(11—2+%+512+712.....) +0+0 f{x}
3.0

w2 1 1 1

Then—=—+—+5+ v e e (proved) 28

2.0

Or, putting x = 0 we have f(0) = 0

1 1 1 1

ion0="_2 1
Then from above equation 0 = - —— (12 tatats

2

Then % S (proved)

12~ 32 52
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Q.7 Find the Fourier series expansion of the function mathematically defined as

0, for—=1<x<0

z2 1 1 1
f(0) :{x, for 0<x<I where f(x + 20) = f(x) Andshowthat%=§+3—2+5—2+---

f(x)
3.0
2.5
2.0
i5
1.0

0.5

X
-3 -2 -1 1 2 3

Then a, =%f_llf(x) dx =%f_olf(x) dx+%folf(x) dx =%f_°l de+$folxdx -

21 ~2

X nmnx nmx

—f f(x)cosn ——f f(x)cos==dx + 7 ff(x)cos—d ——f 0cos— dx + - fxcos— dx

nmx TLT[Xl
1l nmx 1 sin——  —cos—— 1 —(-D" 1
= 7 JyxcosTmdx = ¢ Ix—w-—— =‘[<0—T)—<0—nn )] (-D"-1)
£ : : o (=’ o ! (=’ (@) e

21 id
an={_T[2 > for oddn
0 forevenn

nmx

=—f f(x) sin— dx ——f f(x) sin—

nmx TlTL’X

nt. 1,0
dx + - ff(x)sm x=7f_105 dx + = fxsm— dx

!
nmnx . NITX
_1 ol . onmx _ 1|, zcos——  —sin/m 1 [/ (OG(=D™ —li=n" 1)" 1(=pn*1
=7 Joxsin= dx—l[x T n_nz] _z[(in—” —(0-0)]= ==

L ( L ) 0 L

—, foroddn
b, = !
——  forevenn

nrm

l(—l)n+1 ﬂ)

Then () =+ ) ([ ((-1)" = D} cos™ + L2 5in™

n2n2
l Zl SlnTLT[X
nmx sinnx 7
=;+Z1,3,5,7...—W s/t 2135 __2246 nl
f(x)———— cos¥+c053¥+c055$+cos7¥ i sin$+sin3$ sinsg _L sin2$ sin4¥ sin6¥
w2\ 12 32 52 72 T\ 1 3 5 T 2 4 6
. 1 1 !
Now putting x = I we have f(1) = E[f(l+0)+f(l—0)] =E(O+l) =3
L1l 121 11 1
Thenfromaboveequatlong=Z+ﬁ(§+3—2+5—2+ﬁ.....)+0+0 fox}
3.0
n? 1 1 1 o
Then—=—=+o+ 5+ . (proved)
2.0

Or, putting x = 0 we have f(0) = 0

ThenfromaboveequatlonO———z—l( + + +— ..)+0+0

2

ThenT =2+~ 44 ... (proved)

8 12 32 52
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Q.8 Find the Fourier series expansion of the function mathematically defined as

f(x) =x, for where f(x + 2m) = f(x)

f(x)

—nT<x<T

3
2

1

=3 =2 =1 1 2 3

As f(—x) = —x then function is odd. Then a, = 0,a, = 0

2 (™ 2 (™
bn=—f f(x)sinnx dx=—f x sinnx dx
T Jo TJo

2 b4 .
== [Txsinnx dx = = =
m 70 T nz2 1y =« n

2 [x —cos nx M]T[ _2 [((71:)(—(—1)") _
n

E, for oddn
by=1 3
-= for evenn
*© —2(-1)"
Then f(x) =0+ z (O.COS nx + —sinnx)
n=1
_ Z 2sinnx _ Z 2sinnx
- 1,3,5... n 2,4,6... n
sinx sin 3x sin 5x sin 2x sin 4x sin 6x
f(x)—Z(T+T+T )—2( 2 + 2 + . )
f(x)
3
2
1
3 -2 -1 1 2 3
=
-2
-3

)-0-0-

-2(-)"
n
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Q.9 Find the Fourier series expansion of the function mathematically defined as

f(x) =x, for —l<x<l wheref(x+2l)=f()

f(x)

3

2

=3 =2 =1 1 2 3

As f(—x) = —x then function is odd. Then a, = 0,a, = 0

! . Lo
b, =§f0f(x)sm$ dx = %foxsmg dx

l

2 rl . NIX 2 —cosn—? —sinn—zm ! 2[( O™
=7f0xsdex=— X T - =—(—E _0)_(0_0) -

T ey | I

, foroddn
b, =

ENINIENIN

for evenn

l

_ «© nmx |, 2l(-D™! . nnx
Then f(x) =0+ Zn:1 (O. cos—+ Tsm—)

Zsinluff 1 Zsinﬁlzf
- ;22,4,6...

n

l
- ;ZI,S,S... n

sinxZ  sin 3X% sin Sx% ) 2 1 <sin Zx% sin4xZ  sin 69(1—1r

) =2 ( :

1 3 5 2 4 6

f(x)

-21(-)™ _ 21(-1)"*?

nm

nm
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Q.10 Find the Fourier series expansion of the function mathematically defined as

fx)=x+m for —n<x<m wheref(x+2n)=f(x)Andshowthat%:1—§+§—%+---

f {x}

6

5

4

-3 -2 -1

1
2w

a, = lffﬂf(x) cosnx dx = %f_nﬂ(x + 1) cosnx dx = %f_nnx cosnx dx +%f_nn (1r) cos nx dx

T

1 T
== [ xcosnx dx +0
s -1

1

2

2on)

Then ap = = [* f() dx = = [7 (x + Mdx = L{(T+72) - (S

aEd i B (CRe=| B (C

b, =%f_nnf(x) sinnx dx =%f_nn(x+7'[) sinnx dx =%f_nnx sinnx dx +%f_nnnsinnx dx

1 T .
== [ xsinnx dx +0
T -1

s n

3, for oddn
b, = 5
—= forevenn
n
Thenf(x) = + z (0. cosnx + 22 sin nx)
n=1

2sinnx 2sinnx
- 22,4-,6...

=T+ Y135, n n

sinx + sin 3x sin 5x sin 7x

f(x)=n+2(1 L

3n

Now putting x = g we have f(x) = >

Then from above equation 3’2—" =m+2 (— — oo

b4 1 1 1
2= 1—5+;—-+(proved)

T n

_1 [((n)(—(—l)") _ 0) _ ((—n)(—n(—l)") _ 0)]

"
-

n2

_=2(-1"

n

sin 4x

1 [ —cos nx  —sin nx]n
-

sin 6x

) -2 (BE+

4

6

f(x)
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Q.11 Find the Fourier series expansion of the function mathematically defined as

f(x) =x, for 0<x<2m wheref(x+2n)=f(x)Andshowthat%:1—§+§—%+---

Then a, = ifoznf(x) dx = %fomx dx=m

f(x)

6

5)

4

-2 [(0-2)- 2o~

1 p2m 1 2m 1 sin nx  —cos nx]27
an == J;" f(x)cosnx dx =—["x cosnx dx =- [x ——— ]0
1 p2m . 1 c2m . 1 —cos nx  —sin nx]%™
by =~ [ f(x)sinnx dx =~ [ x sinnx dx =~ [XT_T]O
- [(Ee0-0) - 0-0] -3
*® -2
Then f(x) = + 0.cosnx + —sinnx
n
n=1
2sinnx
=mn - 21,2,3 n
sinx sin 2x sin 3x sin 4x sin 5x sin 6x sin 7x
fa)=m-2(BX4 BBy I IR IR )
f {x}
6
5
4
3
2
1
v 1 2 3 4 5 6
. T T
Now putting x = we have f(x) = 2
Then from above equation g =m—-2 G - %—% ) +0

Vi

1 1 1
3= 1—5+:—-+(proved)
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Q.12 Find the Fourier series expansion of the function mathematically defined as

+a, for—-m<x<0

0, for 0<x<n where f(x + 2m) = f(x)

f(x)—{

f(x)

1 2 s “takinga = 2

a( )

Thenay = - [" f(x) dx = —[° f() dx+— [ f) dx = [° (Z +a) dx+$f0n0dx=%{0—(—% y=%
a, = %f_nnf(x) cosnx dx = %f_onf(x) cosnx dx +%f0nf(x) cosnx dx = %f_on(%+ a) cosnx dx +%f0n0cosnx dx

1 a -0 1 0
== — [ xcosnx dx += [ _acosnx dx
m o T T YT

1 a sin nx —CoS nx 0 a 0
=z [x—n -— ] + - f_ncosnx dx
-1
—1a (0_-_;)_(0_—(—21)”)]_'_ 0——(1—( 1" then {2 —, foroddn
mr " " 0 for evenn

=—f f(x)smnxdx——f f(x) sinnx dx + = ff(x)smnxdx——f( + @) sinnx dx + = fOsmnxdx

=——f xsinnx dx  += [ asinnx dx
T -1

T T
_14 [ —cos nx _ —sin nx]0 L @ [—cos nx]o
Tnm n n2 - T n -
M0 —0) - (EREEDD )] LEVa e _a
~0-0- (=5 +(- 2+ =2 then b, =—2
a [oe]
Then f(x) = '+Z == (= 1)")} cosnx + {——}smnx)
4 n=1 ” n
a a sinnx
_Z+Z1,3,5,7 chosnx—21234 o
f(x) n _a(cosx cos3x  cos5x cos7x ) _ g(sinx sin2x  sin3x  sin4x sin5x )
= TTZ 12 32 52 72 - 1 2 3 4 g e
f(x)
0
X
-3 -2 -1 1 2 3
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Q.13 Find the Fourier series expansion of the function mathematically defined as

_( x for 0<x<m
f(x)_{ZR—x, for m<x<2m

f(x)

where f(x + 2m) = f(x)

3.0
245
2.0
L1
1.0

0.5

1 2 3 4 5 6

Then a, = ifoznf(x) dx = ifonx dx +if:r(2n —x) dx =72—t

a, = %foznf(x) cosnx dx = %f:x cosnx dx + %f;n(Zn — x) cosnx dx

1 m 2T 1 r2m
==["x cosnx dx+2 [  cosnxdx —=["" x cosnx dx
70 T TIT

1 sin nx —cos nx]™ sin nx]2™ 1 sin nx —cos nx]%™
== | X— = + 21— — = X—
0 T T

b3 n n2 n bia n n?

=1 {(0 - —(—1)n) _ (0 - ;—;)} +0 —% [{(0 - ;—;) - (0 — —(;21)")}] _ #((_1)71 —1) then, a, = {—#, foroddn

T n? 0 forevenn
b —1f2"f(x) sinnx dx —lf"x sin nx dx+lf2n(27r—x) sin nx dx
n_r[ 0 _1'[ 0 Ty

1, . 21, 1 p27m .
== "xsinnx dx+2 [ "sinnxdx —=["" x sinnx dx
w0 T i

1 —cos nx  —sin nx]® —cos nx]2®™  1[ —cosnx —sin nx]2®
=-|lx—=——| t2|——| —=|x——— 5
s n n n g T n n -

0

=1 {(n ‘(—n1)n _ 0)} +2 {—11—1+ %} _ % {(271'71 - —(—n1)n)} oGO 2 2ent 2 Gt

T n n n n n

_r 4 T 4 (cosx cos 3x cos 5x cos 7x
f(x)—5+21,3,5(_n7)cosnx=§_;( z Tt t—= )

f(x)

3.0
255
2.0
il
1.0

0.5

Now putting x = 0 we have f(x) =0

ono=2_%21,1, 1,1
Then from above equation 0 = - n(12+32+52+72.....)

2

n 1,1, 1
Then— == +o+5+ . (proved)
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Q.14 Find the Fourier series expansion of the function mathematically defined as

f(x) = {xz’x j;z;_g:xxjf where f(x + 2m) = f(x)

f(x)

6

=2

Then a, =if_nnf(x) dx =if_0nf(x) dx+if0"f(x) dx =if_0nxdx+if0n2xdx =%

a, = %ffnf(x) cosnx dx = %f_onf(x) cosnx dx +%f0nf(x) cosnx dx = %f_onx cosnx dx +%f0n2x cosnx dx

sin nx —cos nx]° 2 sin nx —cos nx]®
+ = |x
T 0

0 2 b 1
[ xcosnx dx+= [ xcosnx dx == [x—— -
- r Y0 T n n2 T n2

_ 2z
=2 [(0-2)- (0- )] +2 [(0- L)~ (0- )] 0= 21 -1 v g, = { e ST

b, = %f_nnf(x) sinnx dx = %f_onf(x) sinnx dx + %fonf(x) sinnx dx = %f_onx sinnx dx + %fon 2x sinnx dx

_ —si 0 _ g T
:lfo xsinnx dx + Efnxsinnx dx = 1 [ cos nx  —sin nx] + 2 [x cos nx  —sin nx]
R4 w0 rr n2 l_p = n nZz 1y
3
) (= (1) (1 _n =, foroddn
=1[(0_0)_(( n)((n)_o)]_l_g[((n)((1))_0)_(0_0)_]=_3( 0" then, by =] ™
T n T " n — — forevenn

3 sinnx Z 3sinnx
— 24

Then f(x) = +Z1357 (= )Cosnx+ 2135..

m 2 (cosx , cos3x cos5x  cos7x ) (sm x  sin3x | sin5x ) (sin 2x | sin4x = siné6x )
X)=——-— 3 —_— . ... -3
£ 2 = ( 12 + 32 + 52 + 72 + 3 + 5 2 + 4 + 6

f(x)
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Q15. Expand the function f(x) = x2 in the range 0 < x < 2m in Fourier series.
f(x)
40
30

20

10

1 2 & 4 5 6
1 r2m 1 r2m 1 8n3 4m?
Thenaozgfo f(X)dXZEfO dexZZTZT

a, = %foznf(x) cosnx dx = %foznxz cosnx dx

n n? n3

; ; 27
1 sin nx —cos nx —sin nx 1 4m(-1) 4
=—[x2 — 2x +2 ] ——[— ]=
T 0 Vs

n2 n?

1

b, = ;foznf(x) sinnx dx = %foznxz sinnx dx

— —gi 21 2(_
=1[X2 cosnx_zx smnx+2cosnx] =l[(4n’(1)+i)_2]:_4_71:
b4 n n n

2 n3 1o s n n3 n3

Then f(x) = 47”2 + Z:):l [(%) cosnx + (— 47”) sin nx]

f(x)
30¢

20+

10+

=10F
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Q16. Expand the function f(x) = x? in the range —r < x < 7 in Fourier series.

2
s 1 1 1 1
Hence showthat— ==+ =4+ =+ —=+........
6 12 22 32 42

f(x)
10

8

x
=3 =2 =1 1 2 3

3 3 2
Then ao = oo fG) dx = 3o ffpxt dx = ofp = (<91 = &

a, = %ffnf(x) cosnx dx = %f_’rﬂxz cosnx dx

_1 [XZ sinnx .,  —cosnx 2 —sin nx]” 1 [_27_[ —(—Zl)n _ (_2(_7_[) %21)")] =(-1)" %

b4 n n2 nd l_p = n

4
- = fornodd
_ n
a, = 4
ol for neven

b, = %f_nnf(x) sinnx dx = %f_nnxz sinnx dx

2 n3 m n3 n3

- —qi T _(_1\n _1q\n _(_1\n _1\n
_1 [Xz cosmx . csinnx ,  cos nx] _1 [(1‘[2 (-1) n 2(-1) ) _ (7‘[2 (-1) n 2(-1) )] =0
T n n -7 n n

As the function is even then b,, should be 0

Th T[Z *® n4 .
en f(x) = 5t zn:1 [((—1) n—z) cosnx + (0) sin nx]
? cosx cos3x cosbx cos7x cos2x cos4x cosb6x cos8x
=——<2+ —+t——+ 2.....)+4( —t——t——+t—; +)
3 1 3 5 7 2 4 6 8
f(x)
8
6
4
2
X
-3 -2 -1 1 2 B

Putting x = m we get f(r) = m?

2 2
2 bi% 1 1 1 1 ) T 1 1 1 1
— = — - il —_— == — — —+..nen
Then 7 —3+4(12+22+32+42 then, ™= — 4+ +

Note that 2112_3% = &)= % + ziz + 3i2 + 41—2+ ........ [where é(k) =3, % is Riemann Zeta Function ]
2

Then £(2) = % =% ~ 164
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Q17. Expand the function f(x) = m? — x2 in the range —m < x < 7 in Fourier series.

f(x)

X
-3 -2 -1 il 2 3

As the function is even then b,, should be 0

T bis 3 2
Then a, =zif_nf(x)dx=2xif0 (nz—xz)dx=%[113—("?)] = 2=

T

a, = %f_nnf(x) cosnx dx = %f:(nz —x?) cosnx dx

_n_2 2sinnx —Cos nx —sin nx]n __2 [_ -(-" _ ] —(_1\yn &
=0 -2 [T gy Ty p I R e O] B C bi
4
~ oy fornodd
a, = 4
5 for neven
2 «© 4 .
Then f(x) = =t Z [(—(—1)" ﬁ) cosnx + (0) sin nx]
n=1
_ i 4 (cosx n cos 3x n cos5x = cos7x ) _4 (cos 2x cos4x = cos6x  cos8x n )
T3 12 32 52 72 22 42 62 82 '
f(x)
-3 =2 -1 1 2 3 X

Putting x = m we get f(r) = 0
2 ? 1 1 1 1 m?
Then 0 —7—4(1—2+2—2+3—2+4—2)then,———+—+—+—+ ........
1 1,01 1, 1 I T .
Note that 21,2,35 =&2)= Etoatat ot [where &(k) = ZF is Riemann Zeta Function ]

1 n?
Then &(2) =Z§=?z 1.64
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Q18. Expand the function f(x) = [? — x? in the range —I < x < L in Fourier series.

f(x)

X
-3 -2 -1 il 2 3

As the function is even then b,, should be 0

Thenao = = ' f) dx = 2 x 2 [I02 —x?) dx =212 - (L)) = 2E

l l
a, = %f_lf(x) cosg dx = %fo(l2 —x?) cos# dx

2 sin 22X cos 22X —sin 22X ! 2 (-1)" 412
_n_2].2 T 1 1 — _2|_oyz=1" ——(—1)"
= 0= |x* St = 20—+ 2 5 ] = [ 21 = (0)] D" 2
1 0 1
412
4 eyl for nodd
a, = 2
41 f
iy or n even
k n?m?
Then fx) =224+ [(=¢=0" ‘“z)cosﬂ+(0) sin 2%
T3 n=1 n2m? l l
2 w2 4?2 [cos x% cos 3x% + cos Sx% + cos 7x§ 412 [cos Zx% + cos 4x% + cos 6x% + cos Bx% +
B AL 32 52 7z n2 \ 22 42 62 82 "

f(x)

-3 -2 -1 1 2 3

Puttingx = mwe getf(r) = 0

2 2 1 1 1 1 ? 1 1 1 1
ThenO—7—4(1—2+2—2+3—2+4—2)then,?—§+2—2+§+4—2+ ........

Note that 21,2,3% =&2)= 11—2 + 212 + 3% + 4i2+ ........ [where (k) =, % is Riemann Zeta Function ]
7.,'.2
6

Then £(2) = 2% =" ~1.64

24 |Page



Q.19. Find the Fourier series expansion of the function (square wave) mathematically defined as

x(m+x), for—-m<x<0
x(m—x), for 0<x<m

fx) = { where f(x + 21) = f(x)

3 1 1 1 1
Hence showthatThenz—2 ==—=4+=—=4 "

As the function is odd then a,, a,, should be 0

T

b, = lffﬂf(x) sinnx dx = %f_onf(x) sinnx dx +%fonf(x) sinnx dx

=lf_0nx(1t+x) sinnx dx +%f0”x(1't—x) sinnx dx......(i)

T

Replacing x = —x in the first integral in equatiobn (i)we get
b, = %f; —x (1 — x) sin(—nx) (—dx) + %fonx(n — X) sinnx dx

=2x %f:x(n — Xx)sinnx dx =2 [ xsinnx dx — %fonxz sinnx dx

8
_ 2 21(E0" a0 gy) 2h_ 4y then by = {0—

n mln\ n2 n

foroddn

for evenn

flx) = 211#(1 — (=)™ [sinnx]

8 (sinx sin3x |, sin5x sin 7x
flx) == + + + + o
m \ 13 33 53 73

f(x)

2
Putting x = /2 we get f(/2) = nT

2
Then from above equation % = % (% . )

=

-1

-1

3
T 1 1 1 1
Hence —=——=—+—=-——=+
32 13 33 53 73
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Q.20 Find the Fourier series expansion of the function (square wave) mathematically defined as

x> +x, for—-m<x<0

f(x) ={x2—x for O<x<m where f(x + 2m) = f(x)

f(x)

-3 -2 -1 1 2 3

As the function is even then b,, should be 0
g =—[" f@)dx=2[" F@dx+=[TfG)dx == [° (a® +x) dx+ = ["(x? — x) dx =
a, = %f_"nf(x) cosnx dx = %f_onf(x) cosnx dx + %fonf(x) cosnx dx
= %f_on(xz + x) cosnx dx + %fon(xz — Xx) cosnx dx......(1)
Replacing x = —x in the first integral in equatiobn (i)we get
= %f; (x% — x) cos (—nx) (—dx) + %fon(xz — X) cosnx dx
=2x %fon(xz — X) cosnx dx = 2 X %foﬂxz cosnx dx — 2 X %fonx cosnx dx

—_1)n _\n o\
:2X1X2T[(21) —X—(( 1)11_ ) 4—(7;) _2( 1) +i

nn? nn?

(211 -3m2) Z 4( Dt 2(=D" | 2
fx) = ) 4 I G +7m2) [cos nx]

(2n3-3n2)

61

Q.21. Find the Fourier series expansion of the function (square wave) mathematically defined as

where f(x + 2m) = f(x)

2
x*—x, for—-m<x<0
fx) = {
Z _x, for 0<x<m

f(x)

As the function is odd then a,, a,, should be 0
1,1 . 1 00 . 1 ,m .
= ;f_nf(x) sinnx dx = ;f_nf(x) sinnx dx + ;fo f(x)sinnx dx
100 2 . 1, 2 . .
= ;f_n(—x — x)sinnx dx + ;fo (x* —x)sinnx dx...... (1)

Replacing x = —x in the first integral in equatiobn (i)we get
b, = %f;(—xz + x) sin(—nx) (—dx) + %fon(xz — x)sinnx dx

_ 2(2(-D)"-n2(- 1)”n2—2)

2(-1)"

=2Xx = f(xz—x)smnx dx =2X= fxzsmnx dx——f xsinnx dx =

HOEDY e DO 2) 1 200N [sin na

nn3

n3

n
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