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Galilean transformation.

The law of nature look exactly the same for all observers in the inertial frames, regardless of their state of velative velocity.

Ifthe S’ frame moving with a velocity Vg along X-axis then the transformation equation becomes

7 ) X=x-vt; y=y  Z=z t=t
A7 A 7) v . . T ¢ dx’zﬂ_v dyr _ dy dz _ dz
%,y ' Y Differentiating both sidle with respect to t we geto - = - O = ae’d it
o
Y Y’ Then transformation equation for velocity becomes
Ve=v,—vy V,=v, V,=v,
’ - . - ; dv/ dv, dvr dvy, dvr dv
S S Similarly differentiating both side w.r.t t we get o e e e e
o o’ dt at’ dt at’ dt dat
— >y
X Then transformation equation for acceleration becomes
[ . o . LA— .
a,=a,; a,=ay; a,=a,;

The transformation rule for partial derivatives operators for Galilean transformation.
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af _ of
2= 20 V0t

2 O°f f _Of 4,2 2L il

0 5x2 — Vo at' ax' ~ ar'? 0 5«2 — 4V at’ ax’

Then

*f _ 0*f o%f
ax2  oxr2 at?

Show that ’ is invariant under Galilean transformation.

In the S frame the distance between two points (%1, Y1, 21) & (x5, V2, 25) is\/(xz — %)%+, —y1)? 4+ (2, — 21)?

Inthe S frame this distance transformed to \/(x’z x4+ @, -y )+ (-2 )= \/(xz —vt —x; + V)2 + (Y, —y1)? + (2, — 21)?

=0 —x)2+ (7, —y1)% + (2, — 2,)? = the distance between two points in S frame
[Note that Hence the ‘AREA’ and 'VOLUME ' is Galilean invariant]
Show that ‘FORCE is Galilean invariant or, Newton’s law is Galilean invariant
For Galilean transformation X' =x —vot; ¥y =y, z' =2z, t =twehave a'y=a,; a =a, a
Hem:eg; = @ that means acceleration is Galilean invariant
We have F = mad thenf; = m’Z’ =md=F (proved) [as ™ is Galilean invariant]

Show that CHARGE DENSITY is Galilean invariant.

Charge density p = % as ( is invariant according to charge conservation theorem and volume is Galilean invariant then charge density Galilean invariant.

Show that CURRENT DENSITY is not Galilean invariant.
As curvent density]_) = pl_}asp is Galilean invariant but ¥ is not as V', =v,—vg; v’y =Vy; v,=v, e,V =V — 130 H’Lenf' =p(W -1y = j— Ty
Cheek the invariance of ELECTRIC FIELD STRENGTH and MAGNETIC INDUCTION VECTOR from the pre-velativistic requirement of invariance of Lorentz force.

We have F = q{E') + (17 X E)}thenF’ = q{E_;+ (? X ﬁ)} = q{ﬁ+ ((13 - 170) X E_;)}

Henceﬁ+((f7’—1—7’0)xﬁ)=E+(5X§) or, ?+ﬁx(ﬁ—§)=§+ﬁox7
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Then the on[y possib[e solution of equ“ (i) not invo[v'mg velocities in speciﬁc 'reference ﬁ'ame, and without restriction on the choice 7 is ﬁ = E + Bo X §7 & f’) = §

Show that MAGNETIC GAUSS'S 1AW is Galilean invariant

Herewe have V'. B = V. B = 0 hence solenoidal character of B is invariant under Galilean transformation.

Show that FARADAY’S LAW is Galilean invariant
_,) - a?__’ — — =4 BE —)—)ﬂ_—’ - BE = —> =4 - o\
V' XE +—=Vx(E+VyxB)+—+(3,.V)E=VXE+—+Vx (¥ xB) + (¥.V)B
As By isaconstant vector then V X (Vg x B) = By(V. B) — B(V.B,) + (B.V)¥y — (30.¥)B=0-0+0— (3,.V)B = —(3,.V)B
WXEI+£=VXE+6—B=O (proved)
at at

Show that GAUSS'S LAW IN ELECTROSTATIC is not Galilean invariant
V.E-2- V.(f+17’0 xB') —ﬂzﬁ.f—£+V.(T}0 xB') =V.(T}0 xB') # V.E — £ (PrOVED)

€0 €0 €0 €0
Show that AMPERE'S LAW is not Galilean invariant

- 5 3(E+ByxB’ L oo, . N R
— ol =T - (T 1 G ) + 50 % B - ol - )

= = 10F
'"XB' —=—
v cz at' c2

= = 10E > 1 - =\vm 1/ == . .= .= 18E >
=VxB — 50— o) — 5 V0 X [5, + (¥o.V)1B —C—Z(UO.V)E + HopTo # V X B — 5= — poJ (PROVED)
Show that THE CHARGE CONTINUITY EQUATION is invariant under Galilean transformation
V4% G Y .3 (i_~ —’) —v7_9%
V. +at,— V.j—=V.pv, + 5~ VoV p=V.jJ o, (proved)

THE MICHELSON-MORLEY EXPERIMENT

Note that - Sound waves need a medium though which to travel. n 1864 James Clerk Maxwell showed that light is an electromagnetic wave. Therefore it was assumed that
there is an ether which propagates light waves. This ether was assumed to be everywhere and unaffected by matter. This ether could be used to determine an absolute reference
frame (with the help of observing how light propagates through the ether). Note. The Michelson-Morley experiment (circa 1885) was performed to detect the Earth’s motion
through the ether as follows: The viewer will see the two beams of light which have travelled along 1 different arms display some interference pattern. If the system is rotated, then
the influence of the “ether wind” should change the time the beams of light take to travel along the arms and therefore should change the interference pattern. The experiment
was performed at different times of the day and of the year. NO CHANGE IN THE INTERFERENCE PATTERN WAS OBSERVED!

M*
A
4 4 4 4 4 4 A 4 A A

LIGHT SOURCE

we. |

DETECTOR




Special Theory of Relativity By SUMAN SADHUKHAN 9830379279 Page |3

The beam of light from aboratory source S is split by the partially silvered mirror M into two coherent beam

R, (reflected through M)& R, (transmitted through M). Ry reflected back to M by My mirvor and R veflected back to M by M,
mirror. Then this two beam interfere at O. The interference pattern is constructive or destructive depending on the phase (path) difference between the two
light. The half silvered mirror is inclined at 45° to the beam direction. My & Myare very nearly at right angle. We shall observe a fringe system in the
telescope.

Let compute the phase difference between two light beams Ry & R,

This phase difference arise due to (i) Different path length (L1 & L) travelled.

(ii) Different speed of travel due to existence of either wind (let it’s velocity w.r.t laboratory is 17)

The time taken for beam Ry from M to Miand backto M ist; = L1 + L _ Ly ( 2¢ ) = ﬂ( 1 >

Z
c-v  c+v c?-vp? c \1-v /c2
-
2 L22+(%) 2 2L, 1
The time taken for beam Ry from M to Myand back to M ist, = fthen t, = -

Note that the calculation t5 is made in either frame and tq in laboratory frame. In classical mechanics time is absolute.

Ly Ly

- 2
"1_1;2/c2 1-¥ /C2

2
The difference in transit time is At = t, — t; = p

2 L L
Now suppose the instrument is rotated by an angle 90° then At' = t’z - t,1 =- v; — L
c\1- /c2 1_1;2/C2
2 L,+L Li+L
Hence the rotation changes the time difference by At'-At == 2];2 e
C\ 1"/ /1—172/62
= M[ v2) g _1v? |~ (atly) v?
== 14V = 1=V g | S

Therefore rotation should cause a shiﬁ n ﬁ'inge pattern.
At'-At  (Li+Lp) v? _ (Ly+Ly) v2
T er 2T A c?

Let AN rvepresent the number of fringes moving past the crosshairs as the pattern shift. Then AN =

As earth rotating with a speed of 30km/s then if Michelson Morley take Ly = L, = 22m A= 5.5 X 107"m E =107

Then AN = 0.4 or shift of fourth tenths a fringe.
Experimental results: there was no fringe shift at all.
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(@ The principle of equivalence of physical law: All phenomena of physics appear the same in all uniformly moving frame.
This implies that laws of physics are independent of motion (with uniform velocity) of a particular space-time co-ordinate
system.

(b) Principle of constancy of velocity of light: Speed of light is same in all direction and independent of relative-uniform
motion of the observer, source of light and the medium.

LORENTZ TRANSFORMATION:

For this type of transformation the assumptions are (i) It must be linear. (ii) It should preserved the speed of light.

(iii) It should approach the Galilean transformation in the limit of low speeds compared to speed of light.

We consider two uniform moving system origin of those coincide at t = 0. Further at t = 0, let the source of light, fixed at the

origin of unprimed system, emit a pulse of light.

Thus an observer in an unprimed system will see a spreading spherical wave front propagating with speed c the equation of which

canbe writtenas x2 + y2 +z2 = c%t?. .. (1)
An observer in a primed system will see a spreading spherical wave front propagating with speed ¢ (as speed of light is invariant)
and the equation of which can be writtenas x'2 + y'2 +z'2 = c2t"%...........ccc, (ii)

Note that the need of transformation of time scale in going from one system to another due to the fact that no arrangement of space co-
ordinate alone can give wave pulse that are simultaneously concentric in both co-ordinate.
Inspecting of equation (i) & (ii) we reveals that the desired transformation must be such that
X2 4y 22—t =xP Yyt 2 =R (i) or, Y3, x,% —c2t2 = Y3 x',° — c2t"?
If we put x4 = ict thenwe have, ¥i_; x,% = Zflzlx’”z .......................... (@iv)
Basing on analogy of spatial rotation of the co-ordinate axes in 3D orthogonal space, we can say that equation (iv) represent
orthogonal transformation of a vector in 4D space.(we see later that this space is known as Minkowski space or world space.)
Hence Lorentz transformation are merely the orthogonal transformation in 4D space. Then Lorentz transformation can be
represented as x', = Y1 a,,x, {where a,, isthe linear transformation matrix}
Note that here we consider only pure Lorentz transformation which does not involve any spatial rotation, where General Lorentz
transformation is product of space rotation and pure Lorentz transformation.
Asx', = ) @y Xy then X'y = aq1x; + arpXp + A13X3 + Ara%y
X'y = Ap1%1 + A%y + Ag3Xs + Agaxy * *1
X'3 = Q31X + AzaX; + Az3X3 + AzaXy
X'y = QuqXy  QgaXy + AyzXs + AaaXy 4
Note that x, is imaginary then a4, a,4, az, must be imaginary as e R
x'y,x',, x5 are real. Similarlya,q, a4, a43 Will be imaginary anda,, real. . .
Let us consider the primed system is moving with a velocity v along X5 axis z RO 4

ro_ ro_ ro_ e 7
then x'; = x1,x', = x, then X'y =x; X, 0 s X3 , g x'3
X'y =%, X2

o
X'3 = G33X3 + 34Xy
I

X'g4 = Qy3X3 + QgqeXy

We have the orthogonality condition as,

0
2 2 _ 2 2 _

0 az3” +az” =1, as3” +ag” =1,

a3y

0 0 A3 Qyq

1 0 0
0 1 0
Then transformation matrix is 0 0 ass
33043 + A34044 =0

The four unknown elements can be uniquely determined when fourth relation b/w them is provided.
The origin of primed co-ordinate system is moving uniformly along X5 axis. For unprimed system then x; = vt = v’;—;‘ = —ifx,

[Where g = E] but for primed system X'3 = d33X3 + az4x, = 0then ass(—ifxy) + azux, =0 o, azy = ifas;

1 iB , 1 —ip
Then azz = \/Tﬂz y 34 = F then \/—a43 + Wa4,4, =0 or, ay3 = _lﬁa44 then Qg = \/1_—132 , Ay3z = \/Tﬁz
. —ip 1
thenx'y = x; ;x'y = x5 ;x'5 = W ﬁx4&x4 J?gzx3+\/?p2x4
putting x; = x,x, = ¥,x3 = z,x, = ict &'y = x',x'y =y, x'3 =2, x', =ict’ weget x'=x
y=y
z-vt
P
t—clzz

1-p2

z = LORENTZ TRANSFORMATION

t' =
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Show that Lorentz transformation may be regarded as a rotation of axes through an imaginary angle.

Let us consider a four dimensional a four dimensional space with dimensions X;, X,, X; & X,. When X, = ict. Suppose X; & X, axes
are rotated through an angle 8. So new axes are X'; & X',, X, & X; axes are remain unchanged.

Then obviously, X'; = X, cos8 + X,sin6, X', =X,, X'3s = X3 & X, = —X,sinf + X, cos 6

iB 1
Let us take angle 6 be imaginary such that tan8 = if. Then sin8 = e and cos@ = N
X, +ictif _ X,-vt _ 1 cigr _ _ _1BXy ict ;o t_clle
Then X'y =Xy o4 Xa i = i = i 0 Xa =~ +Mapmy et = —fEns ot = 150
Thenwe have, X'y =222 X', = X,, X'3 = X3 & t' = ral (Proved)

J1-p2’ Vi-p?
Prove that four dimensional volume element “dx, dy, dz, dt”_is invariant under Lorentz transformation.
We have Lorentz transformation when primed system initially coincide with unprimed system moving with a velocity (v) along x-

axis X' = Xy —y g = 7 g ¢ = N
. — , =

: : : _X'y+wt’ _ X'ptvt!

Then for any two points the inverse Lorentz transformation X; = N and X, = N

[Here we consider simultaneous measurement of X'; & X', ie.t'; =t', =t'or, X; & X, i.e.t; = t, = t]

X'—x' dx’ . .
Then we have X, — X; = \/#1 or,dx = N = dx' = dx,/1— p? [Lorentz-Fitzgerald construction]

Now the time interval between two event happening in the same space point.
Z—C—ZX ti-5X

e L
As the motion of primed system is along X-axis then dy’ = dy and dz’' = dz.

Then dx'dy'dz'dt’ = dx./1 — ﬁzdydzJ_ = dxdydzdt.

=  For moving observer, length of any rod appears to be contracted this is known as Lorentz-Fitzgerald construction.

= |tappears to the moving observer that the stationary clock is moving at slow rate. The effect is called time dilation.

In the above discussion, note that dx’ < dx but dt’ > dt.

Proper length: The proper length of an object is defined as the length measured by a scale at rest with respect to object. Note that
measurement of two end points must be simultaneous.

Proper time: The time interval between two events which occur at the same position measured by a clock in the inertial frame in
which the event occur is called proper time.

Explain the ‘simultaneity’ of two events in relativity. Discuss ‘order of event’.

Consider two events characterized by the space and time coordinates (x;, y4, z1, t1) & (x5,V5, 25, t5) in S-frame and (x'y, v, 2'1, t'1)
& (x'5,y'5,2',5,t',) in §’-frame. Let at t=0 the two frames coincide and S’-frame is moving with a velocity vi relative to S-frame i.e.
along x-axis.

The two events are simultaneous in S-frame if t; = ¢, and two events are simultaneous in S'-frame if t', = t';.

Order of event means the sequence in which the events occur in any frame.

Note that, (a) Two events which are simultaneous in S'-frame.

Ast’zzﬁa dtl—t\/7 Then, t', — t'; N 32[(t2 (xz—xl)] ............. (1)

If two events are simultaneous in S-frame then t, = t; at different posmon (x5 # x1) then(t’', — t'1) # 0, i.e. they are not simultaneous in S’-frame.
(b) Two simultaneous event at different position differ by (Ax) in S-frame, the time interval between the two events in $’-frame is then from

t',—t'y =

[Time dilation]

clex
J1-p2°
(c) The order of events shall remain in the same in both the inertial frame.
We have from eq(i) when (t, — t;) — :—2 (x, — x1) = 0 then events are simultaneous in S’-frame.

eq(i), At' = —

If (t, —t;) — :—2 (x5 — x1) > 0 then order of event is same in both frame. When :—2 (x5 — x1) > (t; — t1) then S’-frame will observe the reverse

order. But for that as v is always less than ¢ then %(x2 —x1) > (t; — t1) = (x; — xq) > c(t; — ty) is possible when signal can travel with a velocity
greater than c. Hence reverse order of event is impossible.
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Show that Lorentz transformation carried out in succession are equivalent to one Lorentz transformation.
Let us consider three frame of reference S, S’ & S”. S” is moving w.r.t S with a velocity v, along Z-axis and S” is moving w.r.t S’ with a

velocity v, along Z-axis. We want to find out velocity of S” w.r.t S.
v
Zoat t-32 Q) R I

Thenx' = x =y,z' = ==
y y 1_£ 1_L
. p . tr—v—zzr >
x'=x,y =y, 7z =22 vzz,t =__¢ TR (ii) s s’ s"
1_2 1_2 _______ -=—=—>
\/ c? \/ c? ‘U(?)

+ / \
cz |
+t |
v+ 50% V1tV
2 2 _4| ratv2 1V2 1+
1—%} k 1—%} z-t 14012 (1+ c2 ) VIVZ
[4 c _ c2 _ _ z-vt

x":x’y":y'z = = =
vp? Tk vp2 v2
% % 16-%)(-%) ! o | I =

v
v

c2 (1+V1CVZ) c
+ - e . . . ..
[Where v = (”1,,1",,22>] = This is relativistic law of addition of velocity. Similar t" = i .
c2 1-
2
c

Note that the relativistic law of addition of velocity assures that it is impossible to combine several Lorentz transformation in one involving a
relative velocity greater than c.

[As if suppose vy = c and v, = c then v = —5; = ¢]
145

Show that under the Lorentz transformation the wave equation for the propagation of electromagnetic potential V2¢ — ——¢ 0_remains

invariant form.
—vt
x'=x, ¥ =y, 2=t =vz-vt), t'=v(t-2z)

J1-B?
— 4! — ) _ ! ! _ I v 1 1
or, x=x', y=y', z=v(E +vt), t—v(t +sz) [Where v = \/_ ]
Cz
. . 0 O0x a a0 0y (3 (3 az 6 at a (3 az 6 at
Which gives, -— = ——=, —— = > = — =
¢ g €s, axr  dxox:’ ayr dyaoyr ’ 9z1 0z dz | otz an atr  azaer | at ot
ay 0z a0z at at v
—_—= = e > — = —_—= = — = —_
NOW dxr =1 " ayr L V7% W T V% TV

a i) o o b5} o v o a a a
'%—a'a—yr@'a—v(—+——) &=v(ve+s)

p_1@ (& 0t o) 19
Then, v Zar? (ax’z ay'* 62’2) c? 9t
92 9?2 v 9 1 ,( 8 , @
_6x2+6y2+ ( +czat) prid (va +a)
_ 0L (2w R 22 0y )]
T ax2 | ay? tv [(622 + c2 dzdt c4 a2 ( az2 + at? +2v azat
_ 92 92 2 [ 82 v?2 1 (92 v?
 ox2 + dy? tv [622 (1 cz) c? (6 ) ( cz)]
62
6x2+_+v (1__)[azz_c2( )]
_ 9% 9% 9% 1 (0% _ _o 13> R
=T oyt on (atz) =V Eryie 0“ = D’Alemberts Operator
Then V2¢ — ——¢ 0 remains inverted as ¢ is scalar.
(A) World velouty or Four velocity: World velocity is defined as the rate of change of the position vector of a particle w.r.t its
proper time i.e. u, = “X£. With respect to space coordinate u; = —=— = —*L_ and w.r.t time component u,, = <% = £
B ar LT atJ1-p2 1-p2 ¢ " ar T J1-p2

. o v \? ic \? v2 2 (1———)
The magnitude of world velocity is, u,u, = (\/1_‘32) + (\/1_32) S E T IET i
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Since square of world velocity is less than zero, it is time like and has constant magnitude. Thus u,,? is invariant under Lorentz
transformation.

(B) Four force and Four momentum: Consider Newton’s equation F; = % (mv;) which is not invariant under Lorentz

transformation. (i) Since t is not Lorentz invariant, it should be replaced by proper time z. (ii) m can be taken as invariant
property of the particle. (iii) In place of v;, world velocity u, should be substituted. (iv) The left hand side F; should be replaced
some four vector K,,, may be called Minkowski force.

_ o d
Then Relativistic generalization of Newton’s Law becomes, . (mu#) =K,

i a_1 (mwi )\ _ g a(mvi \_ g [1_R2
For spatial part, dtJ1——[ﬂ(J1——[ﬂ>_Kl => dr(m) Ki\J1-p

If we use classical definition of force and define force as time rate of change of momentum in all Lorentz system, then classical

force should be defined as, F; = = (%) Then space component of K, is K; = \/:_Lﬁz and relativistic definition of classical
. : o MY
linear momentum of the particle P; = N
. . Vi ic
Now the dot product of four vector K, and world velocity w, is K, u, = K; \/1—L—ﬁ2 + K, i =0
. Fyy FB _ _ i Fv
"J1-—W+K4J— 0= N icK, K4—C s
(C) Relativistic Kinetic Energy: When T=K.E then, K, = d Z:%pz ............ @)
. d 1 d mic ..
Again, K, = e (mu4) = _Tﬁza (\/1——,82) ....................... (i1)
ar _ 1 d{ mic dr d [ mc?
Fromeq(i) & (||) we have ﬁz o= T/;ZE(\/TT) = 1= (J1=l?2)
Then T = —= + T,. Where T, = Constant of integration.

Jl——[fz
.. _1 i 1p2
For small velocities (1 — $2)7z can be written as (1 + EC_Z)'

2 .
HenceT = mc? (1 + %:—2) + T,. Then for classical K.E T, = —mc?. We prefer the choice T, = 0, then K, = % (E)

c
Then fourth component of momentum is P, = %

2 .} 2 2 2
_ [ my T\® _ mvi”  (T\" _ p2 _ T : — 2y 2 — _p2.2
Now, PP, = (Jl_ﬁz> +(5) =5- () =P -5 Again BB, = m?u,? = —mc
Z
Then —m?c? = P> ——=  ~T? = P?c? + m?c*

c2

(D) Relativistic Mass: We can preserve the classical definition of linear momentum as the product of mass time the velocity of the
particle by defining mass m,. of a particle to be observed to be moving with speed v, by m, = Jlm__"ﬁz so that the four momentum

P = m, . Where m,. is called relativistic mass of the particle where m,, is called the rest mass of the particle and is scalar

. . , = d 3 mov d v
invariant. Then Newton’s 2" law becomes, F = —~ (P) = (mrv) | =my—
dt ac\ 2 at\ [ 2
c2 c2

1 3 w2 2
25 2" 1-2+%
If the velocity varies with time then, F = m, Z—?(l — :—2) ‘4 v{—%(l - :—2) : (— —)} dv] =my &=L = my 1L

(E) Mass-Energy Relation: Taking account variation of mass with velocity we write,

T=[F-di=[B-Ldr=[P bdr=] vdp=[ vd|

0 v2
=z
. mov? v vdv mov? v2 ’ m0v2+m062(1——2) 2 _ mpc? 2
Integrating by parts we get, T = =~ Mo fo — = T +moc?| |1 — = = T = = —myc® = = — MqC

« T =m,c? —myc? = (m, — my)c? = Amc?
Thus the K.E of the particle is equal to the product of the increase in mass, Am and square of the speed of light. Note that here
Ty = —mgc?. ThenT = -2 4 T, Which we have already obtained.

N
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