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4 Matrices

(a) Addition and Multiplication of matrices. Null Matrices. Diagonal, Scalar and Unit Matrices. Transpose of Matrix. Symmetric
and Skew-Symmetric Matrices. Conjugate of a Matrix. Hermitian and Skew-Hermitian Matrices. Singular and Non-Singular
Matrices. Orthogonal and Unitary Matrices. Trace of a Matrix. Inner Product.

(b) Eigen-values and Eigen vectors. Cayley-Hamilton Theorem. Diagonalization of Matrices. Solution of Coupled Linear Ordinary
Differential Equations. Function of a Matrix.

Part-(a)
Preliminaries

A matrix may be defined as a square or rectangular array of numbers (real or complex) or functions (real or complex) that obey certain laws. Thus the

. 1+i2 3-i4
2 -3 sin 6 cos . . i) fo(x) fs(x) ;
rectangular a\rrays[5 4 ][i cosf® Tsinol’ SS_:—;:it Z 1 g he fe £t are complex of matrix.

The individual members of the array are called the element of the matrix.

It is convenient to think of every element of a matrix are belonging to a
certain row and a certain column.

1s 2ndv grd

column column  column

If a matrix has m rows and n column, we shall say the matrix is order of (m X n) [read m by n]. A general matrix of order (m X n) can be conveniently

a1 Q2 aiz - Qin

. dz1 Q2 QA3 ... Q2

writtenas, A=|a3; a3, azz .. Qazp
Am1 Amz Amz .. Amad, o,

This may be consider to the short hand notation 4 = [aif]mxn when1 < i <m&1 <) <n.Where a;; =the matrix element corresponding to i*" row and
j&" column.

If the numbers of row and column is same, the matrix is referred to a square matrix, if otherwise, it is a rectangular matrix.

The determinants having same elements is denoted as |A|. In order that two matrices are equal to each other, it is necessary, though not sufficient, that they be
same order. We say A is equal to B if and only if every element of A is equal to corresponding elementof Bi.e. A=Bifa;; =b;; 1<i<m,1<j<n

» Row Matrix: A matrix having single row only is called a row matrix. Thus A = [ay; a1, @13 - @1n] is a row matrix.
[an
| @21 |
»  Column Matrix: A matrix having a column only is called a column matrix. A = | @31 I ={a;; az; az1 - mi}isacolumn matrix.

Ly,

» Diagonal Matrix: A matrix whose principal diagonal elements only survive is called a diagonal matrix. Any matrix by suitable transformation can

a 0 0
be thrown into a diagonal matrix. The process is known as diagonalisation. [0 b 0] is a diagonal matrix.
0 0 ¢
1 0 0
» Unit Matrix: The unit matrix of order n contains diagonal elements as using. Thus I =10 1 0] is a unit matrix of order 3.
0 0 1
0 0O
>  Null Matrix: if a matrix contains all its elements are zero it is called a null matrix and is denotedas 0 =10 0 O0f.
0 0 O

> Singular Matrix: If the determinant |A| of a matrix A is equal to zero, then matrix A is said to be a singular matrix. Thus 4 = [(1) 8] is a singular
matrix.
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ADDITION OF MATRICES: Here the both matrices must be of same order. Let A + B = C. Then a;; + b;j = ¢

Note that matrix addition is (i) Commutative [i.e., A + B = B + A] (ii) Associative [i.e., A+ (B+C) = (A+ B) + (]
But these properties do not hold for Matrix subtraction.

MATRIX MULTIPLICATION: The Matrix product of A & B is defined when the number of columns of A be equal to the number of rows B. For
& B= [bil']nXp' Then AB is defined but note that BA is not defined (undefined).

example, let A = [a;]
Let=[a;] . B= [bij]nxp & C=AB.ThenC;; = ¥p_ abyjwhere1<i<m,1<j<p
Note that € has m rows and p columns, € = [¢;;] .

mxp

Note that matrix multiplication may be or may not be commutative, but matrix multiplication is always associative. (AB)C = A(BC).

QO. Proof (Commutative): Let A =[a;] & B= [bij]nxp then AB is defined but note that BA undefined. Hence in general matrix multiplication

is not commutative.
Q1. Show that matrix multiplication is in general associative.

= A=ay], .. B=[by] & C=]cy] .,

[(AB)C]ij = £=1(A3)ikckj = £=1 Yi=1( Dy (B)lk(c)kj = £=1 Xlegay blkaj

[A(BO)];j = X1 Au(BO)yj = X1y (A Xhe i (B (O ij = Xy Yoy @it biccyj
Q2. Show that matrix multiplication is distributive with respect to matrix addition i.e. A(B + C) = AB + AC

= A=[a;] . B= [bij]nxp & €= [Cij]pxq
[AB + O)]ij = XR=1(QD)ik (B + O)j = Li=1(ADuc{(B)rj + (C)iej} = Xi=1 @urc{bij + cxj}
[(AB) + (AQ)];j = (AB)yj + (AC)ij = Xk=1 Gixbij + Xi=1 QiCrj = Xig=1 Qi {brj + Cij}

02.1, AB=BA Prove that A & B are square matrix of same dimension.

= Let us consider 4 = [aij]mxnand B = [bif]qu

For conformable for product AB we must have n = p. Again for conformable for product BA we must have g = m.

Now AB = [cU]qu and BA = [dif]pxn as AB = BAthenwe musthavem =p &g =n

Then m = n = p = q. Hence A & B are square matrix of same dimension

) ) ) o ) . a;;#0 fori=j a 0 0
> Diagonal Matrix: A = [aif]nxn’ diagonal matrix is a square matrix for which a; =0 fori#j A=10 b O
v 00 ¢

aj=c fori=j

»  Scalar Matrix: A diagonal matrix for which all the non-vanishing elements are equal to each other. i.e. P
a;;=0 fori#j

a 0 O
A=|0 b O
0 0 ¢

. . . a;j=1 fori=j
> Unit/ldentity Matrix: When _ o
a;;j=0 fori#j

aj=1 fori=j

a; =0 fori#j [6=Kronecker delta]

i.e.a;; = 6;; where

03. If a matrix B commutes with a diagonal matrix no two diagonal elements of which are equal to each other, show that B must be a diagonal
matrix.

= Let a diagonal matrix 4, then [A];; = a;8;;. Where a; are scalar such thata; # a;jand 1 <i,j <n
Now we have AB = BA = ¥ (A)y (B)xj = Xk (B) i (A
o1, Y @; Sicbyj = Yk bire i O

or, a;b;j = b;ja; or, bi]-(al- - a]-) =0 fori =+ j,a; # a; thenb;; = 0 for i # j. Then B must be a diagonal matrix.
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a1 Q2

a a a
a2 azz] then AT = [aﬁ w az;]' IfA=[a;] thenA” =[a;] .
az;  Aazz

Transpose of a Matrix: A =

Conjugate of a Matrix: If 4 = [a;;| thenA" =[a;"] .

Hermitian Conjugate Matrix: A = [a;;]  then [A"]" = [A"]" = A" is called Hermitian conjugate. A" = [a;;"]

nxm’

Symmetric & Skew-symmetric Matrices: AT = A then symmetric. AT = —A then skew-symmetric.

Hence a;; = a;; symmetric, a; = —a;; skew-symmetric.

Real and Purely Imaginary Matrices: A* = A then real. A* = —A Then purely imaginary. Hence a;;* = a;; real and a;;* = —a;; purely imaginary.

Hermitian & Skew-Hermitian Matrices: AT = A then Hermitian. AT = —A then skew-Hermitian.

Hence a;;* = a;; Hermitian, a;;* = —a;; skew-Hermitian.

Z’,}zlaikajk = 6ij fOT‘ 1<ij<n

HVS T — AT g — T — a4-1 HS H i H iith
Orthogonal Matrix: When AA" = A"A=1=>A4"=4A (1 is identity matrix). Equating the ij"* element or, Xy aqag; = 8y for 1< ij<n

) . ) Yr_iagatiy =6 for1<i,j<n
Unitary Matrix: When A4t = ATA = I = A = A-1. Equating the ijt" element K> 7 sl = 70 f , >
or, k=1 Qi@ j = 6;j for 1< i,j<n

Inverse of a matrix: if A= [aij]nxn be a nonsingular square matrix then it’s inverse matrix R= [Rij]nxn is defined as AR =1 ([ is identity matrix)

[, _ adic)

The defining equation for R is R= 1l A

where[a/']  is transpose of co-factor of matrix A=adjoin of matrix A, |A| ~Determinant of A.

NOTE THAT:- let A= [a;;] isasquare matrix. Then My;=[m;;] _ the sub-matrix of obtained by deleting it’s i row and j*" column. And | M|
is called minor of element a;; of A

Co-factor of a matrix A= [a;;| isdefinedas A® =[aY] ~ wherea = (—=1)"*/|My]

a11 Q12 G13 all g1z g13] [(D™Myy| (D)™ M| (=13 My
i.eif A= [an Az az3] then AC = [g21 22 a23] = [(D# Moy (1) Map|  (—1)%3| M|
431 ds2 033 a®t a® a®Bl (1) My (132 |M3p| (1) | M)

Adjoin matrix: The transpose of co-factor of matrix A is called the adjoin of matrix A.

Adjoin of amatrix A = [a;;] s defined as adj(4) = [a';;] =~ where a';; = (—=1)/*|Mj|

Singular Matrix: If the determinant |A| of a matrix A is equal to zero, then matrix A is said to be a singular matrix. Thus 4 = [(1) 8] is a singular matrix.

Hence inverse of matrix exists only for nonsingular matrix.

NOTE THAT: A square matrix A for which AX*1 = A4 is said to be Periodic matrix and the least positive value of K satisfying this relation is called period
of the periodicity.

When the period of periodicity is unity that means when A1*1 = A% = A then matrix is called Idempotent matrix.
When there exists a positive integer p is such that A? = 0 (null matrix), then A is called Nill-potent matrix. And p is called index of nill-potency.

When A2 = I then A is called Involuntary matrix.
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Q4. show that (A" =A. = LetA=[ay|  thenA" =[a;] .So (AN =[ay| = A (proved).

nx

Q5. Show that (AB)" = B"AT.

>letd=[a;] &B= [bif]nxp thenA” =[a;] ~ &B"= [bfi]pxn' Now the order of AB ism x p and (AB) is p X m.
So the order of BTAT is p x m. Then order of (AB)T & BT AT are conformable.

[(AB)T]U = (AB)” = ZLI:l ajkbki ...... (1)

(BTAT);; = ¥p_1(BN) (AN j = i (B ik (Aij = Yoy briix = Yoy jichyi ... (i) «~ (AB)T =BTAT

Q6. Home work: (i) (14)7 = 14T when A is scalar. (ii) (4 + B)T = AT + BT.

Q7. Show that every square matrix can be uniquely written as the sum of a symmetric and anti-symmetric matrix. A = % [A+AT] + % [4—AT].
>letA=3[A+AT1+;[A-AT|=P+Q
T _ (1 ™\ _ 1 T _1 Ty _ T _ (1 ™\ _ 1,1 __1 T _
PT={(A+AD} =2UAT+A)=;A+AN) =P andQ"={(4-AT)} =5UT-A)=-3(A-AT) =@
Then P matrix is symmetric but Q matrix is skew-symmetric. Let A = R + S where R is symmetric & S is skew-symmetric.
ThenAT=(R+S)T=RT+ST=R-5.S5, A=R+S & AT=R-S = A+AT=2R and A—-AT =2§
~R= %(AT +A) similarly § = %(A —AD).
Hence representation of 4 = % [A+AT] + % [4 — AT] is unique.

Q8. Show that all diagonal elements of skew-symmetric matrix are zero.

= For skew-symmetric matrix a;; = —a;; for all value of i & j. And for diagonal elements j = i i.e. a; = —a;;. Hence 2a;; = 0= a; =0
0 a b

Hence all diagonal elements are zero.i.e. |—a 0 ¢/ is skew-symmetric.
-b — O

09. Show that the product of two symmetric matrix is symmetric if and only if they commute.

= We have AT = 4 and BT = B. Now (AB)T = BTAT = BA = AB if A & B commute.
010. Show that AAT is a symmetric matrix using index notation.
= {(AAN}; = (AAD)j; = (A (AN K = X ajeay ... () and (AAT);; = XA ANk = X apajx = X ajray, ... (i) Hence (AAT)T = AAT.

Q11. If A is an anti-symmetric matrix of order n and X is a column vector/matrix of dimension, show that XTAX = 0.

= We have AT = —A4. Now (XTAX)T = XATXT = —(XTAX) ... (i)

But XTAX has just one row and one column, hence it is transpose must be identical to itself i.e. (XTAX)T = XTAX ... (ii)
From (i) & (ii) we have XTAX = —(XTAX) i.e. XTAX = 0 (proved).

Q12. Show that (AB)* = A*B*.

= A*B" = Y aj b again AB = ¥ ay.by;. Then (AB)" = ¥ aj by ; = A*B* (proved).

Q13. Home work: (i)(4*)* = 4, (ii) (4 + B)* = A* + B*, (iii) (14)* = 1*4*.
Q14. Show that, (AB)" = BTAT.

& Bt =[b*;] . Now the order of BTA" is p x m where (AB)" is a matrix of order p x m.
J n

nxm pX

:Let, LetA = [aij]mxn & B = [bij]nxp then AT = [a*ﬁ]
Then order of (AB)T & BT At are conformable.

[(AB)T]L-]- = [(AB)"]ji = Xk=1 @Tjch ki - (i)- Again,
(Bta), = Xioi(BY), (A1), = ZRci By = Biey @b - (iD) - (AB)T = BPAT

Q15. Home work: (i)(AT)T = 4, (ii) (4 + B)T = At + BT, (iii) (14)T = 1* 4™,
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016. Show that every square matrix can be uniquely written as the sum of a Hermitian and anti-Hermitian matrix.

= Let A be a square matrix, the evidently the matrix can be represented as, A = % [A+ AT+ % [A—AT] =P+ Q (say)
1 LN 1 1 T 1
P={(a+AN} =1(aT+4)=3(A+4) =P and Q' =S (4-A")} =1(aT—4)=-3(4-4")=—0
Then P is Hermitian matrix but @ is anti-Hermitian matrix. Let A = R + S where R is Hermitian matrix & S is skew-Hermitian matrix.
ThenAt'=(R+S) =R"+S'=R-S. So, A=R+S & AT=R-S = A+A"=2R and A—-AT=2§
~R=21(at imi =l(a-at
» R =3 (A" +4) similarly § = (4 - A").
Hence representation of A = % [4+ AT+ % [A — A™] is unique.

Q17. Show that every diagonal element of a skew-Hermitian matrix either zero or a pure imaginary number.
= Any square matrix is skew-Hermitian if a;; = —aj;. For diagonal element i = j then a;; = —aj;. i.e. a; +a;; = 0... ()

Then if a;; = x + iy then aj; = x — iy then a;; + aj; = 2x ... (ii). Hence from (i) & (ii) x is always zero then a;; = iy always.
Hence every diagonal elements of a skew-Hermitian matrix either zero or pure imaginary number.

Q18. Show that every diagonal elements of a Hermitian matrix are REAL.

= If any square matrix is Hermitian then, a;; = —aj;. For diagonal element i = j then a;; = —aj; for all value of i. Hence diagonal elements of Hermitian
matrix are REAL.

019. If A4 is a Hermitian matrix, then show that BTAB is Hermitian for any matrix B.

= A is Hermitian, then AT = A. Now (B’FAB)T = B'BAT(B"" = B'AB for any matrix B.

0Q20. If H is a Hermitian matrix, then show that iH is skew-Hermitian matrix.
= H' = H as H is Hermitian. Now, (iH)" = i*H' = —iH (proved).

Q21. Home work: H, is Hermitian and H, is anti-Hermitian, show that H; + iH, and H, — iH, both are Hermitian.

022. Determinant of an orthogonal matrix can only have values +1 or — 1.

= Let detA = d then detAT = d where A is an orthogonal matrix. We have then d?> = 1 as AAT = I or,d = +1

Note that, the elements of an orthogonal matrix may be real or complex. However in practice, we are always concerned with real orthogonal matrices.

023. if a matrix A is Hermitian and 4% = I. Show that it is also unitary.

Ans: A% = I then AA = I or, AAT = (proved) [as A is Hermitian then A = AT]

Q24. Determinant of an unitary matrix can be complex number of unit magnitude.

= Let detA = d then detA"T = d* where A is an unitary matrix. We have then dd* = 1 or, |d|? = 1. i.e. unitary matrix is non-singular matrix.
Note that, the elements of an unitary matrix may be complex. In fact it is evident that real unitary matrix is orthogonal.

025. Obtain the must general orthogonal matrix of order 2.

Z+br=1
_[a b r_[a ¢ r_[a?+b? ac+bd . 10 a B .
=>LetA—[C d]thenA _[b d].So, AA _[ac+bd C2+d2.Compar|ngW|th[O 1]Wehavea§12¢21_(1)....(1)
C =

Hence equation (i) shows, (a) sum of squares of the elements of any row is equal to unity. (b) The sum of product of corresponding elements of two distinct
rows of an orthogonal matrix is zero.

a=cosf b=sinf
If we choose

= - = - = E.'. = r
¢ = cos d=Sin(pthenac+bd—0=>cos(9 @)=0o0r0—0¢ 17 cp=0%7

cos 6 sin @

Thenc = Fsinf & d = FcosH. ThenA:[?sinG T cos O

]. Which is the most general form of orthogonal matrix of order 2.
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026. Obtain the must general unitary matrix of order 2.

lal? + |b|? =1
_[a b t_Ja* ¢ + _ [aa® + bb* ac* + bd* - 1 0 R . _ .
= Letd = [C d] then AT = [b* d*]' So, AAT = [a*c +bd* cot + dd*]' Comparing with [0 1] we have ac2 + bd2 =0....0)
lel? +1d]* =1
We can choose a and b to be of the form. a = e'* cos 6 & b = e sin . Hence ;—Z =- :Z:;’;Z ...... (ii)

In order to satisfy the second of equation (i) and (ii) we can choose ¢ = —e!®Vsin@ & d = e~ cosh [P real]

Then 4 = [ e@cos @ e sin@

P I ] Which involves four real independent parameter a, 8, v, 6. It is the most general form of unitary matrix order 2.
elBMsing eB~Dcosh

Q27. Show that for any square matrix A, A (adjA)=(adj A) A= |A|I

a1 gz a13} DMUMD My (=1)3 M3

A (adjA) = |G21 Q22 Qo3| |(=1)*2|Mqp| (=1)*"2|Myp| (=1)3*%|M3,,]

31 (32 G33l| (—1)'*3|My3| (—1)%*3|Mps| (—1)3*3|M33]

Ya(-D"ay My o (-D"ay My B (-1 ay;| Mg

_ _ _ Al 0 o 100
= ?:1(_1)2+]a2j|M1j| ?:1(_1)2+]a2j|M2j| ?:1(_1)2+]a1j|M3j| ={0o |Al 0 (=140 1 of=IAlI
0 0 14| 0 0 1

T (1 agj My Zj (1) ag;|My| Zjoi (-1 ay; | Ms)]

Q28. If 4 is a non-singular matrix of order n, then |adjA| = |[A|*~L.

= A (adjA) = |All or, |A (adjA)| = ||All| or,|AlladjA| = |A|™ or, |adjA| = |AI""!

Q29. If A & B are two square matrices of order n then (adjAB) = (adjB)(adjA).

= Therefore (AB)(adjAB) = (adjAB)(AB) = |AB|I

Consider (AB)(adjB adjA), (AB)(adjB adjA) = A(B adjB)adjA = A(|B|D)adjA = |B|(AadjA) = |B||A|I = |A||B|I = |AB|I....(J)
Also consider, (adjB adjA)(AB), (adjB adjA)(AB) = adjB(adjA A)B = adjB |A|I B = |AladjB B = |A||B|I = |AB|I...(ii)

Now from (i) & (ii) we conclude that, (adjAB) = (adjB)( adjA)

Note that, some results of adjoint: (i) for any square matrix A (adjA)" = adjAT. (ii) The adjoint of an identity matrix is the identity matrix. (iii) The adjoint
of a symmetric matrix is a symmetric matrix.

3 2

Trace of a matrix: The sum of diagonal element of a matrix A is called trace of a matrix A i.e, Tr(4) = XX, a;; thus if A:(1 7

) Tr(A) =10

Q30. SHOW THAT Tr(AB) = Tr(BA).

= Tr(AB) = XI_1(AB)y= Xi-; X7-1 a;jb;; again Tr(BA) = X7_,(AB)j;= X7_; Xi=q bjia;j=Xi—, X7, a;;b;;= Tr(AB) (proved)

Q31. Show thatTr(A+ B+ C+ ) =TrA+TrB+ TrC + ---.

Q32. Show that Tr[(AB)*] = Tr[(BA)*].
= Tr[(AB)*] = Tr[A*B¥| = Tr(€D) Say A*=C&B*=D - Tr(DC) = Tr[B*A¥| = Tr[(BA)¥] (proved)

Inner Product: In mathematics, the Frobenius inner product is a binary operation that takes two matrices and returns a number. It is often denoted as
(A, B). The operation is a component-wise inner product of two matrices as though they are vectors. The two matrices must have the same dimension—
same number of rows and columns—»but are not restricted to be square matrices.


https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Matrix_(mathematics)
https://en.wikipedia.org/wiki/Inner_product
https://en.wikipedia.org/wiki/Square_matrix
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Given two complex number-valued mx n matrices A and B, written explicitly as

Q1 Q12 413 - Qi [bn by bz .. bip ]
_ | %21 Q22 Gz .. d2p _ by by bz ... bay
A=|az az; az .. azy &B = | b3y  bz; b3z ... b3y, |
@m1 Amz Amz .. Gmndpsg lbml bpmz bmz ... banmxn
the Frobenius inner product is defined by the following summation X of matrix elements,
(A,B)p = ?jmij (B);=Tr(ATB)
ai1byy + azb1z + aizbiz + o aymbig
. . . . . az1b21 + Azzba3 + Az3baz + -+ Azmbay
Where the over line denotes the complex conjugate. Explicitly this sumis (A, B)r = q. b, + asybsy + azzbss + .. azmban
amlbml + amanZ + am3bm3 +oee anmbmn

Properties

It is a sesquilinear form, for four complex-valued matrices A, B, C, D, and two complex numbers a and b:(I) (a4, bB)r = a b (A, B)r
(IN(A+C,B+D)r =(A,B)r +(A,D); + (B,C)r +(B,D)p

(111) Also, exchanging the matrices amounts to complex conjugation: {4, B)» = (A4, B)r

(V) For the same matrix, (4, 4)r = 0

2 0 6
1 -1 2

8 -3

FOR REAL VALUED MATRIX: 4 = [ 4 1

]&B:[ _ZS]THEN (AB)p =16 +0+12+4—1—10 = 21.

FOR COMPLEX VALUED MATRIX A=[' 1 “Hee=[, 7% ¥ a=[']" *l]es=[, 7% ¥

(AB)r=-2(1—-1)—-6+34-3)—-30=-2-6+12—-30+2i—9i =—-26—"7i

ai by4
Note that if the matrices are vectorised then (4, B)r = vec(4)Tvec(B) Where vec(4) = | %21 vec(B) = b_2_1
Anm bnm

Part-(b)
Eigen Values and Eigen Vectors

Characteristic Matrix: For a given square matrix A, the matrix A — AI is called characteristic of A, where A is a scalar parameter and I is the unit matrix as
same order.

6 -2 2 6 -2 2 1 0 0 6—1 =2 2
Example: LetA=|-2 3 —1|thenA—-AI=|-2 3 —-1|—-4{0 1 0| ~A—-AI=| -2 3-1 -1
2 -1 3 2 -1 3 0 0 1 2 -1 3-1

Which is the required characteristic matrix.

Characteristic polynomial: The determinant |A — 4I|on expansion will give rise to polynomial and is known as characteristic polynomial of matrix A.

6—1 -2 2
Example:l—z 3—-1 —1}=(6—/1)(9—6A+/12—1)+2(—6+21+2)+2(2—6+2/1)=—A3+12/12—36A+32
2 -1 3-1

Which is the characteristic polynomial of A.

Characteristic equation or secular equation: The equation|A — AI| = 0 is known as characteristic equation of matrix A. So, here the required
characteristic equation is —43 + 124> — 364 + 32 = 0.

Eigen Values or Characteristic roots: The roots of the characteristic equation|4 — AI| = 0 are known as Eigen values of 4.

Here —23+1222-361+32=0 = (1-2)1-2)1—-8)=0. ~A = 2,2,8 are the Eigen values.


https://en.wikipedia.org/wiki/Complex_number
https://en.wikipedia.org/wiki/Summation
https://en.wikipedia.org/wiki/Complex_conjugate
https://en.wikipedia.org/wiki/Sesquilinear_form
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Eigen Vectors or Characteristic Vectors: Corresponding to each Eigen value A, we have a non-zero vector X that satisfies the equation (A — 21)X = 0.

The non-vector is known as the Eigen vector or characteristic vector or latent vector of A corresponds to the Eigen value A. The Eigen vector is thus not
unique, but of the form uX, where p is any scalar quantity.

X1 X4
Orthogonal Vectors: Two vectors X; & X, are called orthogonal, if XJ{XZ = 0. Let, X; = [X2| & X, = xs].
X3 X6

They are orthogonal if x;x, + x,x5 + x3x¢ = 0.

Normalized form of vector: The Eigen vector X of a matrix will be said normalized if XTX = 1.

a 2 2
The normalized form of [b] is obtained by dividing vVa? + b% + c2. For instance the normalized form of [3] is \/% [3]
c 5 5

Properties of Eigen values:

(i) The sum of the Eigen values of a matrix is the sum of the elements of the principal diagonal i.e. trace of a matrix.
(if) The product of the Eigen values of a matrix 4 is equal to its determinant.

(iii) If A is an Eigen value of a matrix 4, then % is the Eigen value of 471,

(iv) IfAis an Eigen value of an orthogonal matrix, then % is also its Eigen value.

033. The Eigen values of a real symmetric matrix are real.

= Let A be an Eigen value of the real symmetric matrix A4 corresponding to the Eigen vectors X. . AX = AX....(J)

For the real symmetric matrix, A = A* (complex conjugate of A) and A = AT (transpose of 4) i.e. AT = A"

Taking the complex conjugate of equation (i) we obtain, A*X* = 1*X* = AX* =A1'X".....(1i) sinceA* =4

Again taking transpose of equation (i), we get (AX)T = (AX)T or,, XTAT = AXT . XTA = 2AXT... (iii) since AT = A4
Now pre-multiplying equation (ii) by X7 and post-multiplying equation (iii) by X*,

We obtain two equation as XTAX* = 1*XTX*....(iv) [from equation(ii)] and XTAX* = AXTX*....(v) [from equation(iii)]
Comparing equation (iv) & (v) we obtain, 1*XTX* = AXTX* or,(A* — )XTX* =0

Since XTX* # 0, we have (1* — 1) = 0i.e. 1* = A. . 2 = A*. Which implies that the Eigen value is real.

034. The Eigen values of a real skew-symmetric matrix are purely imaginary.

= Let 4 be an Eigen value of the real skew-symmetric matrix A corresponding to the Eigen vectors X. . AX = 1X....(I)

For the real skew-symmetric matrix, A = A* (complex conjugate of A) and A = —AT (transpose of A) i.e. AT = —A*

Taking the complex conjugate of equation (i) we obtain, A*X* = 1*X* = AX* =A1'X".....(ii) sinceA* =4

Again taking transpose of equation (i), we get (AX)T = (AX)T or,, XTAT = AXT . XTA = —)XT...(iii) since AT = -4

Now pre-multiplying equation (ii) by X7 and post-multiplying equation (iii) by X*,

We obtain two equation as XTAX* = 1*XTX*....(iv) [from equation(ii)] and XTAX* = —AXTX*....(v) [from equation(iii)]
Comparing equation (iv) & (v) we obtain, 1*XTX* = —AXTX* or,(A1* + DXTX* =0

Since XTX* # 0, we have (1* + 1) = 0i.e. A* = —A. . 1 = —A*. Which implies that the Eigen value is either zero or imaginary.

035. The Eigen values of a Hermitian matrix are real.

= For a Hermitian matrix 4, AT = A4, A" is the transposed conjugate of A.

Let A be an Eigen value of the Hermitian matrix A corresponding to the Eigen vectors X. ~ AX = 1X....(1)

Taking transposed conjugate of both sides we have, - (AX)t = (AX)t or, XTAT = 2*xt - XtA = 2*Xt.._(ii) sincedt =4
Now pre-multiplying equation (i) by X and post-multiplying equation (ii) by X,

We obtain two equation as XTAX = AXtX... (iii) [from equation(i)] and XTAX = 1*XtX....(iv) [from equation(ii)]
Comparing equation (iii) & (iv) we obtain, AXTX = 1*XTX or,(1 — 2)XTX =0

Since XTX = 0,wehave 1 — 1) =0ie. A= A" ~ 1= 1"

[This means that the conjugate of A is equal to itself.] This is only possible when A is real. Thus the Eigen value of a Hermitian matrix are all real.
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Q36. The Eigen values of a skew-Hermitian matrix are zero or purely imaginary.

Home work.

0Q37. Any two Eigen vectors (corresponding to two distinct Eigen values of Hermitian matrix) are orthogonal.

= Let X;, X,and are two Eigen vectors corresponding to two distinct Eigen valuel,, A, respectively of a Hermitian matrix A.
AXy =X g (1) & AXy = AoXoueveeeenean, (ii)

And A = (4")T = AT; since A is Hermitian taking transpose conjugate of equation(i)

Ax)t = A x)tor, x,TAT = 2, %, or, X, TA = 4, X, T o GilD) Since A, is real for a Hermitian matrix.
Now, post multiplying equation (iii) byX, , we have X;TA X, = 4, X,TX,....... (iv)

Now, post multiplying equation (ii) by X;T, we have X;TA X, = 1,X,TX,......... v)

Comparing equation (iv) and (v) we get A, X, X, = ,X, X, or,(1, — 2,)X,TX, =0

Since A, # A, , we must have X;TX, = 0

That means are X; & X,orthogonal to each other.

038. If Ais an Eigen value of a matrix 4, then % is the Eigen value of the matrix A1 (if it exists).

= Let 1 be an Eigen value of matrix A corresponding to the Eigen vectors X. . AX = AX....(1)
Now pre-multiplying equation (i) by A~1, we get A~'AX = A71AX or,IX =A(A"'X)or, X =2471X .~ A"'X=-X

The above equation shows that% is an Eigen value of matrix A= corresponding to the Eigen vector X.

039. Eigen values of a matrix are invariant under a similarity transformation.

= The matrices A & B are said to be related by a similarly transformation if B = P~1AP or A = PBP~ 1.

Let us consider two similar matrices A & B are related through similarity transformation such that, B = P~1AP.

The characteristic equation of the matrix B is |B — AI| = 0 where A is an Eigen value of B.

ie |[P7TAP—AI|=0

or, [P71AP — P71AIP | =0

or, |[P7Y(A-ADP| =0

or, |[P7Y|(A - AD)||IP| =0

or, [P71||P|I(A—AD]| =0

or, [P7P||(A=AI)| =0 ~|(A—AD| =0 This relation shows that A is an Eigen value of A also. That proves the theorem.
Q40. Let A4, 4,,..., 4, be the Eigen values of 4 ( are not necessary to be distinct). Then, ¥:i* { 4; = tr(4) and [I}L; 4; = det(4) = |A]|.
SfA)=detUU-A)=A—-2)A—23)...(A—2,).

Thus £(0) = det(—4) = (—1)"det(4) = (0—21)(0 — 2,) ...(0 = 2,) = (=1)" A A5... 4, = (D" [T 4

Therefore, det(A) = [1i=, 4

—aq1 + A —aq3 e —Qin
Also, by diagonal expansion on the following determinant, f(1) = | ~ 92t ~%22 +4 RGN W Lo Oy Lo R G LY § [
—an —Qna e —Qpp + 4

And by the expansion of f(1) = (A —2)(A—23) .. (A —2,) = 2" = Q@)A™L 4+ -+ (D™ [T A
Therefore Y71 A; = Y- a;; = tr(4).
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0o 1 2
2 3 0= [ajlzxs-
0 4 5

The Eigen valuesof AareA =1,1&6.ThenA; + 4, + A3 =1+1+6=8 & tr(A) =ay; +a, +az;3=0+3+5=38

Example: 4 =

AlsoA A, A3 =1-1-6=6 & det(d) =16—10=6

Q41. Let u be the Eigen vector of A,,,,, associated with Eigen value A. Then, the Eigenvalue of a,A* + a;_,A* 1 + --- 4+ a4 A + a,I_associated with
the Eigen vector wis, ajA* + aj_1A 1 + -+ a4A + ay, ay, aj_q, ... , a4, aq are real numbers and k is a positive integer.

>(apA* + ap_ AT+ + A+ agl u

= AU + ), AU+ -+ @ Au+ aglu = g Ad*u + a0+ -+ g du + agu = (AR + @ AN+ + @A+ ag)u
Since Au = AV 1(Au) = A = 24w = 247 2(Au) = 2A2u = - = Y 14u = Vu.

Example: A = [; ﬂ what is the Eigenvalues of 241°0 + 44 — 121,

= The Eigen values of 4 are —5 and 7. Thus, the Eigen values of the 241°0 + 44 — 121,

2(=5)190 4 4(-5)—-12=2-590-32= and 2(7N10+4.-7-12=2-710_16=
. . a_ Az A3 A _rR A
Example: Let A be the Eigen value of A. Then, we denote e” = I+ A + STttt =TT
= Then e has Eigen values, e = 1+/1+’l—2,+’;—3,+~--+%+~-- =¥
(1 00
042.. Find the Eigen values and Eigen vectors of matrix| 0 0 1 ]. Is this matrix is unitary?
\o0 1 0
1 0 0 1-2 0 0
Ans: Here matrix A=l 0 0 1 | Characteristic matrix A — AI = ( 0 0-21 1 )
0 1 0 0 1 0—-21

1-2 0 0
0 0-1 1
0 1 0-1

Characteristic polynomial is det(A — AI) or, =1-DRP-D=0-DQA+1D)1-1)

Then characteristic equation det(A — AI) = 0or, 1 — D)1+ 1)1 —-1)=0
Then Eigen valuesare 1,—1,1

X11
Let X, = <x21) be the Eigen vector of A belonging to the Eigen value 1.
X31

1-1 0 0 X11 0 0 0 0 X11 0
Then 0 0—-1 1 X21]=1{0 or,[0 -1 1 X21]=10
0 1 0—1/ \Xx31 0 0 1 —-1/\x3 0
That means —x,; + x3; = 0and x,; —x3; =0
Hence x,; = x3,(say a) and x,is in determined (say b) any arbitrary value.

X11 b
Then (xz1> = <a> Hence infinite number of solution are possible.
X31 a

X12
Let X, = <x22> be the Eigen vector of A belonging to the Eigen value —1.
X32

1+1 0 0 X12 0 2 0 0\ /X2 0
Then ( 0 0+1 1 ><x22> = <O> or, (0 1 1) (x22> = (0)
0 1 0+ 1/ \Xx32 0 0 1 1/ \X32 0

That means 2x12 =0 , X22 + X33 = 0and X22 + X33 = 0

Hence x,, = —x3,(say a’) and x;, = 0
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X12 0
Then (Xzz> = ( a’> Hence infinite number of solution are possible.
X32 —a’'

X13
Let X3 = <x23> be the Eigen vector of A belonging to the Eigen value 1.
X33

1-1 0 0 X13 0 0 0 0 X13 0
Then ( 0 0—-1 1 ><x23) = <O> or, (0 -1 1 ><x23) = (O)
0 1 0—1/ \X33 0 0 1 -1/ \Xs3 0

That means —X23 + X33 = 0 and X33 — X33 = 0

Hence x,3 = x33(say a’) and x,3is in determined (say b”) any arbitrary value.

X13 b"
Then (x23> = (a”) Hence infinite number of solution are possible.

X33 a"

b 0 b" 1 0 0
Hence eigen vectors are ( >< a’) , (a”) we choose orthogonal set as <0> , < 1 ) (1)
a —a’' a” 0 -1 1

1.0 0 100 100 100
AsA=(0 0 1)ThenA*=<0 0 1|ThenAt=(@A4""=(0 0 1)|Thenddt=(0 0 1

01 0 010 010

Hence A is an unitary matrix.

2 -1 -1
043.. Find the Eigen values and Eigen vectors of matrix(—l 2 —1).

\-1 -1 2
1 0 0 2—-1 -1 -1
Ans: Here matrix A=[ 0 0 1| Characteristic matrix A — Al :< -1 2—-1 -1 )
0 1 0 -1 -1 2—-2
2—2 -1 -1
Characteristic polynomial is det(A — AI) or,| —1 2—2 -1 [=QC-D{Ce-D*-1}+1{1-2—-1}-1{1+2-1}
-1 -1 2-2

Then characteristic equation det(A — AI) =0or, 2—D){4— 41+ 2> -1} +2{1 -3} =0
or,2—1D{A2—-41+3}+2{1—-3}=0 or,2—-D{A2-31-2+3}+2{1-3}=00r, 2-D{1-3)1-1}+2{1-3}=0
or,A-3){2-1DA-1D+2}=00r,(1-3){24—-2-22+21+2}=00r,1—-3)(-1)A-3)=0

Then Eigen values are 0, 3, 3

X11
LetX; = <x21> be the Eigen vector of A belonging to the Eigen value 0.
X31

2—-0 -1 -1 X11 0 2 -1 -1\ /*11 0
Then( -1 2—-0 -1 )<x21) = <0) or, (—1 2 —1) <x21) = (0)
-1 -1 2—0/ \X31 0 -1 -1 2/ \X31 0

Or, 2x11 — X1 — X371 = 0 and —X11 + Zle — X371 = 0 and —X11 — X21 + ZX31 =0

_ (x1atx21)

+ +
_ (xz1+x31) = (g +x31) and X314 = - then X11 = X1 = x31:(5ay a)

Hence x;; = = X

X11 a
Then (x21> = (a) Hence infinite number of solution are possible.
X31 a

X12
Let X, = <x22> be the Eigen vector of A belonging to the Eigen value 3
X32

2—-3 -1 -1 X12 0 -1 -1 -1\ /%12 0
< -1 2-3 -1 ><x22> = <0> or, <—1 -1 -1 ) (xzz) = (0)
-1 -1 2—3/ \X32 0 -1 -1 =1/ \X32 0
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Then —x15, — X35 — X3, = 0 then, x;, = —(x,, + x3,) hence x,,and x5,are arbitrary (say a’ and b’)

X12 —(a'+b")
Then | X22 | = a’ Hence infinite number of solution are possible.
X32 b’

X13 —(c"+d")
Similarly Eigen vector of A belonging to the Eigen value 3 <x23> = ( ¢’ > Hence infinite number of solution are possible.
X33 d

a —(@ +b)\ /—(c'+d) 1 0 -2
Hence Eigen vectors are(a), a s ¢’ we choose orthogonal setas |1 |,{ 1 |,| 1
a b d’ 1/ \—1 1

1 0 -2
. 1 1 1
Note that orthonormal Eigen vectors are B <1) 7 ( 11> .%( 1 )

4 -1 -1
044. Find the Eigen values and a set of orthogonal Eigen vectors of matrix (—1 4 —1>.
-1 -1 4

4 -1 -1 4—-2 -1 -1
ANS: Here matrix A :<—1 4 —1). Characteristic matrix A — Al :< -1 4 -2 -1 >
-1 -1 4 -1 -1 4—-2
4—-1 -1 -1
Characteristic polynomial is det(A — AI) or,| —1 4—-2 -1 ‘ =U-D{E@-D-13+1{1—-4—-1}-1{1+4- 1}
-1 -1 4—-2

Then characteristic equation det(4A — AI) = 0or, (4 —2){16 — 81+ 12 —1}+2{A -5} =0

Oor,(4— {12 —-82+15}+2{21-5}=0 or,(4—D{A?2-521—-32+15}+2{21—-5}=00r, 4 —D{(A-5)1-3)}+2{21-5}=0
or,(A=5){4—-1DA—-3)+2}=0o0r,(1-5){41—12—-22+31+2} =00r,(A—-5){71-10- 22} =0
or,A=5){51+21—-10—22}=0 OR, —(1—5)(1—5)(1 — 2) = 0. Hence the Eigen values are 5, 5,2

X11
LetX; = <X21> be the Eigen vector of A belonging to the Eigen value 5.
X31

4-5 -1 -1 X11 0 -1 -1 -1\ /*n 0
Then( -1 4-5 -1 ><X21> = (0) or, ( -1 -1 -1 ) <x21> = (0)

-1 -1 4 — 5/ \X31 0 -1 -1 -1/ \X31 0
Then —x;; — x,1 — X317 = 0 hence x;; = —(x,1 + x31) hence x,,and x5, are arbitrary (say a and b)

X11 —(a+b)
Then | X21 |= a Hence infinite number of solution are possible.
X31 b

X12
Let X, = <x22> be the Eigen vector of A belonging to the Eigen value 5
X32

X12 —(a'+b")
Similarly Then [ X2z | = a' Hence infinite number of solution are possible.
X32 b’

X13
Let X3 = <x23> be the Eigen vector of A belonging to the Eigen value 2.
X33

4 -2 -1 -1 X13 0 2 =1 -1\ /%13 0
Then( -1 4 -2 -1 ><x23> = (0) or, <—1 2 —1) <x23> = <0>
-1 -1 4 — 2/ \X33 0 -1 -1 27 \X33 0

Or, ZX13 — X3 — X33 = 0 and —X13 + 2x23 — X33 = 0 and —X13 — X323 + 2x33 =0

_ (xp3+x33) _ (xq3+x33)

_ (x13+x23)
2 y X23 T and X33 =— -

Hence X13 then X13 = X3 = x33:(say a”)
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X13 a”
Then (X23> = <a”> Hence infinite number of solution are possible.
al

X33 !
—(a+Db) —(a’'+b") a 0 -2 1
Hence Eigen vectors are( a >< a >,<a>, we choose orthogonal set as ( 1 )( 1 )(1)
b b’ a -1 1 1
. . . . (5 2
Q45. Find the Eigen values and Eigen vectors of matrlx(2 2).
. s a_(5 2 _— iva o =(5—42 2
Ans: Here the matrix is A—(Z 2). Then the Characteristic matrix A — Al —( 2 - /1)

Characteristic polynomial is det(4 — AI) or,|5 ;/1 ) 3/1| =G-DR-D—-4=10-71+212—-4=12-71+6

Then characteristic equation det(4A — AI) =0or,A2? =71+ 6=00r,A2-61—21+6=00r,(1 —6)(A—1) =0

Hence the Eigen values are 6, 1

X
LetX; = (xi) be the Eigen vector of A belonging to the Eigen value 6.

then (°5° 52 ) () =(0)on (5 2)Ga) =)
Hence —x;1 + 2x,,=0 and 2x;; — 4x,,=0 that means x,; = 2x,,= (say 2a)

X11\ _ (2a P . .
Then (X21) = ( a ) Hence infinite number of solution are possible.

LetX, = (x;z) be the Eigen vector of A belonging to the Eigen value 1.

then (° 51 52 (en) = (0)on G D) = (o)
Hence 4x;,+2x,, = 0 and 2x;,+1x,, = 0 that means x;, = —% =(say a’)

X12\ _ ( a e . .
Then (xzz) = (—Za’) Hence infinite number of solution are possible.

2a

Hence Eigen vectors are ( 4

), (_‘;’a,) we choose orthogonal set as(i) , (_12) Note that orthonormal Eigen vectors are % (i) ,% (_12)

10 0 0
Q46 Find the Eigen values and a set of orthogonal Eigen vectors of matrix( 0 6 —4).

\o -4 &6
10 0 0 10-2 0 0
Ans: Here the matrix is A= < 0 6 —4). Then the Characteristic matrix A — AI :< 0 6—21 —4 )
0 —4 6 0 —4 6—A1
10-21 0 0
Characteristic polynomial is det(4 — AI) or,| 0 6—12 -4 |=@A0-D{(6-21?>-16}=(10—-1{36+1>—-121—16}
0 —4 6—A41

Then characteristic equation det(4 — AI) = 0 or, (10 — A){A?> — 124+ 20} = 0 or, (10 — ){A?2 — 101 — 21 + 20} = 0 or,
Or, (10 — ){(2 — 10)(A — 2)} = 0. Hence the Eigen values are 10,2, 10

X11
Let X; = <x21> be the Eigen vector of A belonging to the Eigen value 10.
X31

10—-10 0 0 X11 0 0 0 0 X11 0
Then 0 6—10 —4 X21]=(0])or,{ 0 —4 —4 |[X21)=(0
0 —4 6—10/ \X31 0 0 —4 -4/ \X31 0

Then —4x21 - 4’X31 =0& _4'XZ1 - 4’X31 =0

Hence x,; = —x3;(say a) and x,is in determined (say b) any arbitrary value.
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X11 b
Then (Xz1> = ( a ) Hence infinite number of solution are possible.
X31 —-a

X13 b’
Similarly Eigen vector of A belonging to the Eigen value 10 (ng) = ( a' ) Hence infinite number of solution are possible.
X33 —a'

X12
Let X, = <x22> be the Eigen vector of A belonging to the Eigen value 2
X32

10—-2 0 0 X12 0 8 0 0 X12 0
Then < 0 6—2 —4 )(xzz) = <0) or, (0 4 —4) <x22> = (0)
0 —4 6—2/ \X32 0 0 —4 4/ \X32 0

Then 8x12 =0 and 4’sz - 4’X32 =0 and —4x22 + 4X32 =0.

n

X12 0
That means x;, = 0 and x,, = x3,(say a’) Then (xzz> = (a") Hence infinite number of solution are possible.

X32 a
b 0 b 2 0 1 ) 2 ) 0 ) 1

Hence Eigen vectors are( a ) <a”> ( a ) we choose orthogonal set as< 1 )( 1), (—1) orthonormal Eigen vectors are %( 1 )E( 1).@ (—1)

—a a” —a’ -1 1 1 -1 1 1

. . . .1 1
Q47 Find the Eigen values and Eigen vectors of matrlx(4 1)
] o /11 .. . _ - 1-2 1

Ans: Here the matrix is A= (4 1). Hence the Characteristic matrix A — Al ( 4 1— A)

Characteristic polynomial is det(4 — AI) or,|1 Zl 1 iA| =(1-1)?-4=22-21-3

Then characteristic equation det(4A — AI) = 0or,A22 =21 —3=00r,A2-31+21-3=00r,(1—-3)(A+1)=0
Hence the Eigen values are 3, —1

Let X; = (21) be the Eigen vector of A belonging to the Eigen value 3.

then(* % 1) Gon) = ()on (37 )G =)

Hence —2x,; + x,,=0 and 4x;; — —2x,,=0 that means x;; = % = (say a).

X11\ _(a s - .
Then (x21) = (Za) Hence infinite number of solution are possible.

Let X, = (22) be the Eigen vector of A belonging to the Eigen value —1.

1-(-1 1
The”( zg ) 1- (—1)) GZ) = (8)0“ (421 %) (22) = (8)
Hence 2x;,+x,, = 0 and 4x;,+2x,, = 0 that means x;, = —% =(say a’)

X12\ _( a S . .
Then (xzz) = (—Za’) Hence infinite number of solution are possible.

Hence Eigen vectors are( y ),(_‘;;1,

2a ) we chose one set of them as (;) (_12) note that they are not orthogonal set
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00
048. Find the Eigen values and Eigen vectors of matrix(o 0 2)

\o0 2 0
1 0 O 1-2 0 0
Ans: Here the matrix isA={ 0 0 2 |. Hence the Characteristic matrix A —AI = 0 0—-2 2
0 2 0 0 2 0—A1

1-2 0 0
0 0—-2 2
0 2 0—-2

Characteristic polynomial is det(A — AI) or, =1A-D?-43=01-1DA+2)1-2)

Then characteristic equation det(4 — AI) = 0 or, (1 — A)(A + 2)(A — 2) = 0 Hence the Eigen values are 1, —2,2

X11
LetX; = <xz1> be the Eigen vector of A belonging to the Eigen value 1.
X31

1-1 0 0 X11 0 0 0 0 X11 0
Then| 0 0—1 2 X1 ]=(0]or,{0 -1 2 X21 =10
0 2 0—1/ \X31 0 0 2 -1/ \X31 0

Then —x,; + 2x3; = 0 and 2x,; — x5, = 0 only possible solution of these equation is x,; = 0 x3; = 0 and x;4is in determined (say a)

X11 a
Then (xz1> = ( 0) Hence infinite number of solution are possible.
X31 0

X12
LetX, = <xzz) be the Eigen vector of A belonging to the Eigen value —2
X32

1-(-2) 0 0 X12 0 3 0 0\ /X2 0
Then 0 0—(-2) 2 <X22> = <0> or, <0 2 2) (x22> = (0)
0 2 0—(-2)/ \X32 0 0 2 2/ \X32 0
Hence 3x;, = 0 and 2x,,+2x35, = 0 and 2x,,+2x3, = 0 then x,, = —x3, = (say a’) andx;, =0

X12 0
Then (Xzz> = ( a'> Hence infinite number of solution are possible.
X32 —a’

X13
Let X3 = <X23> be the Eigen vector of A belonging to the Eigen value 2.
X33

1-2 0 0 X13 0 -1 0 0 X13 0
Then 0 0-—-2 2 X3 |=(0Jor,{ O -2 2 X23 | =10
0 2 0—2/ \X33 0 0 2 =2/ \X33 0

Then —x;3 = 0 and — 2x,3+2x35 = 0 and 2x,3 — 2x33 = 0 then x,3 = x33 = (say a’’) andx;3 =0

X13 0
Then (x23> = (a”) Hence infinite number of solution are possible.
x33 n

a
a 0 0 1 0 0
Hence Eigen vectors are( 0>, a’ |,| a"” | we choose orthogonal setas| 0 |, 1 |,{ 1
0 —a'/ \a" 0 -1 1

1 0
Note that orthonormal Eigen vectors are< 0), ! < ) % ( 1)
0 1
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049.Find the Eigen values and normalized Eigen vectors of matrix(_l2 _g)
. a1 =2 foi : _(1=-2 -2
Ans: Here the matrix is A—(_Z 2). Then the Characteristic matrix det(A — AI) —( _9 9 /1)

Characteristic polynomial is det(4 — AI) or,|1__2’1 __2}L|: A-DR-2D)—-4=2-31+22—-4=22-31-2

2
Then characteristic equation det(A — AI) = 0 or, A2 — 31 — 2 = 0 then A= 3i;/ﬁ
Then Eigen values are 3+;/ﬁ, 3_;/ﬁ
LetX; = (ii) be the Eigen vector of A belonging to the Eigen value. @
B @ -2 X11 0 —1—;/ﬁ =2 X11 0
Then _7 2 _ 3+V17 (XZ1) = (0) or, 9 1-V17 (x21) = (0)
2 2

Then,

Now fl’0m (i) (1 - \/ﬁ)(_l - \/ﬁ)xn - (1 - \/ﬁ)4x21 =0or 16 X11 — (1 - \/ﬁ)4’xZ1 =0 or, 4'x11 bl (1 bl \/ﬁ)le =0

Then xn:@ then (21) = <(1 _;/ﬁ)> say .

X . . . —_
Let X, = (xiz) be the Eigen vector of A belonging to the Eigen value 32—‘/ﬁ
1— 3-V17 2 -1+V17 2
2 X12\ _(0 2 X12\ _/0
Then 9 2 317 (xzz) _(O) or, 2 1+V17 (xzz) _(0)
2 2

-1+v17

Then, ==="x15 — 2x35 = 0 0F, (=1 + VI7)x1p — 422 = 0 ....... (i) and —2 x,,+ 207

2

X11 = 2%p1 = 0and —2xy; +—,—xp; = 0 0r, (=1 = V17)xy; — 4x3; = 0 .....())and —4x;1 + (1 — V17)xy = 0

Page |16

Xpp = 0 or, _4'.x12+ ( 1+ V17) Xpp = 0(11)

From (i) we get (+vV17)(—1 + V17)x;, — (1 + V17)4x,, = 0 0r, 16215 — 4 (1 + V17) x5, = 0 0r, 4x1; —( 1+ V17) x5, = 0.....(iii)

X
Hence x;, = — @ then(x;z) = ((1 +_4V 17)) say

Then normalized eigen functions are ;2 ((1 - \/ﬁ)) ;2 <(1 + ‘/ﬁ)>
((1-v17)) +16 4 ((1+v17)) +16 —4

050.Find the Eigen values and normalized Eigen vectors of matrix( 1 11)

11)

Here the matrix is A:( 1 1 Then the Characteristic matrix det(4 — AI) :( 1-4 1 )

1 1-1

Characteristic polynomial is det(4 — AI) or,| 1 1_ A 1_ 2 =1-1)%?-1=-21+2=211-2)

1
Then characteristic equation det(4 — AI) = 0 or,A(A — 2) = 0 then A= 0,2 Hence the Eigen values are 0, 2
(%11 . . .
LetX; = (xn) be the Eigen vector of A belonging to the Eigen value 0.
1-0 1 X11\ _ (0 1 1\/*1\_ /0
Then( 1 1-— ()) (x21) - (0)or, (1 1 ) (x21) - (o)
Hence x11 + x,1=0 and x;; = —x,,= (Say a).

X11\ _ [ a Lo . .
Then (x21) = (_a) Hence infinite number of solution are possible.

Let X, = (922) be the Eigen vector of A belonging to the Eigen value 2.



NOTES ON MATRICES BY SUMAN SADHUKHAN 9830379279 Page |17

mhen( 17 L) () =)o (7 )G =)
Hence —x;,+x,, = 0 and x;,—x,, = 0 that means x;, = x,, = (say a')

X12 a s . .
Then (xzz) = (a,) Hence infinite number of solution are possible.

Hence Eigen vectors are(_aa) , (Z:) we chose one set of them as (_11) , (1)

Cayley-Hamilton Theorem: According to the Cayley-Hamilton theorem, every square matrix A4 satisfies its own characteristic equation. Let the
characteristic polynomial of A be y(1) = det [A — AI.

When the determinant is fully expanded and terms in the same power of A are collected, one obtains (1) = X7, f;/

036. Verify Cayley-Hamilton theorem for the matrix A = [; g] and find its inverse. Also express 4° — 44* — 743 + 114% — A — 101 as a linear
polynomial in A.

= The characteristic equation of 4 is, |1 ;’1 3 i /1| =0 or, 2—41-5=0....()
By Cayley-Hamilton theorem, A must satisfy its characteristic equation (i), so that A2 — 44 — 51 = 0....(ii)

NowA2—4A—51:[% g] B ‘3*]_4[; ‘3*—5[3 (1) :[z 1? —[g 12]—[(5) g :[8 8 = 0. [This verifies the theorem]

Multiplying (i) by A™*, we get A— 41 54" =0 or, A1 =1(A-4D= i{[; g] —4 [(1) (1) }=3 [_23 _41]
Now dividing the polynomial A5 — 42* — 723 + 1112 — 1 — 101 by the polynomial A2 — 41 — 5, we obtain
A =4 =713 -21-101 = (1> —-41-5)(A* —-21+3)+A1+5=1+5

Hence A% — 44* — 743 + 1142 — A — 101 = A + 51, which is a linear polynomial in A.

1 1 3
Q51. Find the characteristic equation of the matrix A =| 1 3 —3] and hence find its inverse.
-2 -4 -4
1-2 1 3
= The characteristic equationof Ais| 1 3-212 -3 [=0,ie.23-201+8=0
-2 -4 —4-21
30 1 2]
< ) 5100 1—4—8—12 |5 123|
By Cayley-Hamilton theorem, A3 — 204 + 81 = 0, whence A~! = I —EAZ =20 1 0|—5[10 22 6 |= I_Z - _ZI
0 0 1 2 2 22 ll_l 1 _ljl
4 4 4
2 1 1
052. Find the characteristic equation of the matrix A = |0 1 0[ and hence find its inverse. Also find the matrix represented by
1 1 2

A8 — 547 +745—-345+A*—-543+84%2-24+1.

2—2 1 1
0 1-2 0
1 1 2—-21

By Cayley-Hamilton theorem, A3 — 542 + 7A— 31 =0...... 1)

= The characteristic equation of 4 is =0,ie.23-5124+72-3=0

Multiplying (ii) by A1, we get A2 — 54+ 71-3=0 or, A1 = g[A2 — 54+ 71]....(ii)

21 1112 1 1 440+1 24141 24042 5 4 4
Butd2=|[0 1 0[0 1 0[=|04+04+0 04+1+0 0+0+0 =[0 1 0]
1 1 2/l 1 2 24042 14142 14+0+4 4 4 5
5 4 4 5 4 4 5 4 4 2 -1 -1
.'.A2—5A+7I=[0 1 0]—5[0 1 of+7[0o 1 0]= 0 3 3]
4 4 5 4 4 5 4 4 5 -1 -1 2
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2 -1 -1
0 3 3
-1 -1 2

A% —547 +7A° — 3454+ A* — 543 +84%2 - 24 +1

Hence from (i), A™1 = i

=A%(A°-5A2+7A-31)+A(A® —5A2+7A-31)+ A2+ A+1=A2+ A+ [- A2+ A+1=0]

5 4 4 2 11 1 0 0 8 5 5
=|0 1 0[+]0 1 0O|+]0 1 Of=(0 3 O
4 4 5 1 1 2 0 0 1 5 5 8

Reduction to Diagonal Form

If a square matrix A of order n has n linearly independent Eigen vectors, than a matrix P can be found such that P=1AP is a diagonal matrix.

[This result will be proved for a square matrix of order 3 but the method will be capable of easy extension to matrices of any order]

X1 X2 X3
Let A be a matrix of order 3. Let 14, 1,, 15 be its Eigen values and X1 = |V1|, X5 = |V2| and X3 = 3/3] be the corresponding Eigen vectors.
Zy Zp Z3
X1 X2 X3
Denoting the square matrix [X;X,X3] = [¥1 Y2 Y3 | by P, we have
Z1 Zz Z3
Axy Ayxy  Azxs X1 X; X3 A4 0 0
AP = A[X1X,X3] = [AX1, AXy, AX3] = [M1 X1, 1,X5, 23X3] = [y 422 13)/3] = [Y1 Y2 Y3 |X [0 A, 0= PD [D isthe diagonal matrix]
Mzy Az, A3z Zy Zy Z3 0 0 A3

~ P71AP = P~1PD = D, which proves the theorem.

Similarity of matrices: A square matrix 4 of order n is called similar to a square matrix A of order n if 4 = P~1AP for some non-singular n x n
matrix P. This transformation of a matrix A by a non-singular matrix P to 4 called a similarity transformation.

If x is an Eigen vector of A, then y = P~1x is an Eigen vector of 4 corresponding to the same value.

Powers of a Matrix: Diagonalisation of a matrix is quite useful for obtaining powers of a matrix. Let 4 be the square matrix. Then a non-
singular matrix P can be found such that,

D =P7'AP .. D* = (P~'AP)(P~'AP) = P71A%P [-P71P =1]
Similarly D3 = P=143P and in general D™ = P~1A™P...(i)
To obtain A™, pre-multiply (i) by P and post-multiply by P~1. Then PD"P~' = PP~'A"PP~! = A™ which gives A™.

A0 0
Thus, A = PD"P~twhere D" =|0 A} 0
0 0 A7

Working procedure: (i) Find the Eigen values of the square matrix A.
(if) Find the corresponding Eigen vectors and write the model matrix P.
(iii) Find the diagonal matrix D from D = P~1AP.
(iv) Obtain A™ from A™ = PD"P~1,
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-1 2 -2
053. Reduce the matrix4A=1] 1 2 1} to the diagonal form.
-1 -1 0
-1-2 2 -2
= The characteristic equation of A is 1 2—1 1|=0 or,2*=22-51+5=0
-1 -1 -1

Solving we get 1; = 1,1, = /5,13 = —/5 as the Eigen vector is given by, —2x + 2y —2z=0,x +y+z=0,—x -y —z =0

Solving the first two equation, we getg = % = _iz giving the Eigen vector (1,0, —1)

When 1 = /5, the corresponding Eigen vector is given by, (-1 —+v5)x+2y—2z=0, x+(2-V5)y+z=0, —x—y—+v5z2=0

Solving 2™ and 3" equations, we get — Y Y- _il giving the Eigen vector (V5 — 1,—1,1)

X
6-2V5 —1+V5 15 P VE-1 1

Similarly the Eigen vector corresponding to 4 = —V/5, is (V5 — 1,—1,1).

1 V5-1 V5+1
Writing the three Eigen vectors as the three columns, we get the transformation (modal) matrix as P = | 1 -1
1 -1 1
A 0 0 1 0 0
Hence the diagonal matrixisD = [0 1, 0} = [0 V50 ]
0 0 Al lo o -5
1 1 3
Q54. Find the matrix P which transforms the matrix A= (1 5 1J to the diagonal form. Hence calculate 4.
311

= The Eigen values of 4 are —2,3,6 and Eigen vectors are (—1,0,1), (1,—1,1), (1,2,1). Writing these Eigen vectors as three columns, the requied

-1 1 1
transformation matrix (modal matrix) is, P=| 0 -1 2]
1 1 1
-1 1 1 |& b o
To find P_l, |P|= 0 -1 2= a; bz Cy (say)
1 1 1l lag by c;
A1=_3,31=2,C1=1,A2=0,BZ=_2,C2=2,A3=3,Bg=2,63=1
1 A1 Az A3 —3 0 3
Also |P| =a1A1+blBl+C1C1=6 o~ P_1 =— B1 Bz Bg == 2 -2 2
[P
C C G 1 2 1
-2 0 0 =2* 0 o 16 0 0
Thus D=P'AP=|0 3 0 ~D*=| o 3¢t o|=|0 81 0
0 0 6 0 0 6% 0 0 1296
1—1 1 11116 0 0 -3 0 3 -1 1 1][-8 0 8 251 485 235
Hence A4=PD4P_1=E 0 -1 2|0 81 0 2 =2 2l=(0 -1 2||27 =27 27 |=1485 1051 485
1 1 1110 0 1296l1L1 2 1 1 1 111216 512 216 235 485 251
3 1
Q41 Finde &44if A=} 3.
2 2
3 1
- . . E_’l 2 . 3 2 9
= The characteristic equation of A is |© | 3, =0ie, (E—A) _ZZO & A2 =31+2=0Whenced =1,2.
1 1
_ _ _ - 2 z|[*¥11_ 10 1 17[*11_ [0 1 177*%11 _ 10 _
When 2= 1, [4 - A1X = 0, gives |} 4 [xz]_[o] or, [1 . [xz]‘[o] [By 2Ry, 2R,] or,[o 0 [Xz]_[O] [By Ry — Ry]
2 2

s~ xy +x, =0.1fx, = —1,x% = 1, i.e, the Eigen vector is [1, —1]'.

_1 1
When 2 =2,[A—AIX =0, gives | 2 2 [Z] - [8] or, [‘11 _11] [2] - [8] [By 2R,,2R,]  or, [‘01 (1)] [Z] - [g] [By R, — R,]
2 2

a=x1+x,=0 = x =x,. Ifx, =1,x, =1, i.e, the Eigen vector is [1,1]’.
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S R O e
R i I B | ey I D i B Bl

Replacing e by 4, we get 44 = 2 [20 12] = [10 6]

2112 20 6 10

0 1

Q55. Consider o, = (1 0

), o, = ((l) _()l) . which of the matrices are/ is Hermitian? Which of them are/is unitrary? Find o,0, and o,0,.

T

t— 0 1 — . t— 0 L — 0 —i — . ips
= Oy (1 0) Oy again Oy (—i O) (l 0 ) ay Hence both matrices are Hermitian .

oo, = ((1) (1)) ((1) (1)) = ((1) (1)) = I. Similarly o7 0, = (? _Ol) (? _Ol) = (é 2) =1
Again o,0,, = ((1) (1)) ((L) Bl) = ((L) i)l) and oy0, = (? _OL) ((1) (1)) = (_Ol (L)) Note that hence 0,0y, # 0,0y.

Q56. Consider ¢, = ((1) (1)) o, = (? Bl) and o3 = ((1) _01) and [0}, 0;] = 6,0} — 0j0;

then show that [0'1, [0'2,0'3]] + [0'2, [0'3,0'1]] + [0'3, [0'1,0'2]] =0

stsi=am-aa-C D D-C DO D=0 V-G V-G -2 %-un
Similarly [03,01] = 2i0, and[o,,05] = 2i0;

Then [01, [02,03]] + [02, [03,01]] + [03, [o1, 02]] = [0y, 2i 01] + 03, 2i 05] + |03, 2i 03] = 2i [0y, 01] + 2i[0y, 03] + 2i[0o3, 05] =0



