DEPARTMENT OF PHYSICS P.R.T.G.C NOTE S.S.K
MULTIPOLE EXPANSION

The potential of an arbitrary charge distribution of finite extent at a large distance can always be expressed as the sum of multiple
potentials where the coefficients are certain integrals (moments) of charge distribution.

Let us choose the origin of coordinates in or near the charge distribution. Let B (x,) be the position vector of point ‘P’ (field point) with respect
to ‘O’. [Note that, components of R be X, (Where a=1, 2, 3)]

The position vector of source point w.r.t is 5 (x'¢), [where components of 5 be x', (where 0=1, 2, 3)]. Now the position vector of field point
w.r.t source point be 7. [Where components # be x,, — x’a, as? =R — 5]
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Now if ‘a’ be limiting dimension of the bounded charge distribution region then we assume % « 1, then we can expand % in powers of x', about

Now potential at ‘P’ due to charge distribution is, ¢pp = po
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O by Taylor’s theorem-
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Now again as, the components of # be x, — x', then, |#| = \/(x, — x')? where a=1, 2, 3. Then, %f(r) = —%f(r)-
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The first term is just the potential that would result if total charge g = [[f pdV’ where located at the origin.
The second term is the potential due a dipole of a-component of dipole moment P, = [ff x/pdV’.

The third term is the potential due a quadrupole having a-component of quadrupole having a-component of
quadrupole moment as [ff x;xzpdV' and so on.

Then ¢p = p2° + ¢2 + ¢p2° + ¢2° + -+ p2" + --- where general term ¢2" is called 2" multipole

potential.
Monopole Term: As total charge g = [[f pdV’ then monopole potential, ¢2° = MZ =
0

monopole electric field E2° = —V¢2’ = — -V (l) S L - [AsV (l) =— %
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Dipole Term:  ¢2?' = ———7 [—, (—)] [ff xi,pdV' . If we choose P, = [[f x,pdV’ as a-component of dipole moment then,
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The electric field due to dipole, E2° = —V¢?2' = —V( PR )
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Now as % is a solution of Laplace’s equation, except at R = 0 then for R > 0,
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Then also ——‘fff §2dv'y Tradvp (3) Sap =0.ccoiennn. (iii) [As —Llfff p&2dV' is a constant]

Then from equation (i) & (iii) we have, ¢p2° = pr fof YapBx qx'p — E28,p) paV’ Zax o (1) 8ap =0
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The nine equation Q, g forms a 3x3 array, which is a tensor of rank 2. The o, component of quadrupole tensor {Q} is given by,
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[Note that, it is clear that the tensor is symmetric i.e. Q, g = Qp . then {Q}can contain at most six independent elements. There is an additional
relation Y, Q, , = 0. Which reduces the no. of independent elements to “five’.]
Show that }} Q. = 0.
th,a = fff(?’x,ax’a - Ezé‘aa)pdvl then Za Qaa = fff 3 Za(xla)z 52(20( 6aa)]pdV,l
Then Y Quq = [f[[36% — 23] pdV' = 0 [As a-component of £isx’,]

Quadrupole Term: ¢2° =
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Show that ¢?* =

4me 2R5 X QupXaXp.

¢22=4;0%Zaxf;,,()0aﬁ [Now B(R)=—(%”)aﬁ(1) o then axa;ﬁ(i)=—ai(’;—‘§)= w50 + 7]
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Note that: if the quadrupole tensor is referred to prinmple axis, then all the off diagonal element vanishes. As we have Y, Qqq =

together with vanishing of trace then number of independent elements becomes ‘two’.

In many important situation the charge distribution possesses an axis of symmetry. If we can choose the x5-axis corresponding
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symmetric axis, then Q; = Q. Hence there is only ‘one’ independent element of {Q} is Q33 = —(Q11 + Q2) = —2Q11 = —2Q3;.
x3 — &H)pdv'.

If x4-axis is symmetric axis of charge distribution in continuous, then the quadrupole moment is given by @ = [[f(3
Again note that if @33 = 0 then charge distribution is spherical in shape (for +ve charges)
if @33 > 0 then charge distribution is polate in shape (for +ve charge distribution)
if @33 < 0 then charge distribution is oblate in shape (for +ve charge distribution)
Hence quadrupole moment of a nucleus may be a measurement of its deviation from spherical shape.
N.B. Q11 = Z(Zx' - y;{z - Z;cz)‘Ik Q22 = 2(2}” z— x;(z - Z;cZ)Qk Q33 = (22’ z - x;{z - y;cz)qk
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Q12 = (3%, ¥k )ak = Q2 Q13 = X(3x 2 )i = @31 Q23 = 2(3¥:°2”)ax = Qa2
Dependence of multiple moments on the choice of origin.
Suppose we consider a new coordinate system whose origin ‘O’. ‘A’ is at a distance 7, w.r.t the origin ‘O’ of old
coordinate system. As monopole moment [[f pdV’ = qQ = total charge. As total charge is independent of origin
then monopole moment is independent of origin. Now dipole moment (new),
Py = JIf xga pdV" = [[f Cei + xaa)pdV" Py = [[[ x5 pdV' + xg4 [ pdV’ [As x44 = constant]
Then if total charge of the distribution g = [ff pdV’ = 0_then P, = P i.e. then dipole moment is independent of
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origin. Otherwise in general dipole moment depends upon origin.
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Now for quadrupole moment Qs = [[f (3% qax'ga — €48ap)pdV’ = [[f {S(x,’x + xq0) (x5 + x54) — |€ — 74 6a5}pdV
= fff{Bx’ax’ﬁ + 3% g Xga + 3Xqax'p + 3xqaXpa — §28qp — Ta’0ap + 2§-FA5aB}pdV’

= [If(3%"ax'p — §26p) PAV' + 3xg4 [[] x'apdV’ + 3xga [[] X' ppdV" + 3xasg [If pAV' — 1428 p [[] pdV' + 28457y - [Jf EpdV’
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Then if total charge and individual dipole moments are ‘zero” then, Q43 = Qup 1.€. then quadrupole moment is independent of origin.

Otherwise in qeneral guadrupole moment depends upon origin.
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[Where [[[ pdV'=monopole moment, [[[ £(cos 8) pdV'=dipole moment, [[f EZ%(B cos? @ — 1)pdV’'=quadrupole]

Yo ORn+1 [ff &P, (cos 8)pdV’' = ——fff dv +4nE 7 ffff(cos 0)pdV’ +4n6 = fff€21(3 cos?0 —1)pdV’' +-




