Hectromagnetic theory

1. Generalization of Ampere’s law

Displacement current, Maxwell’s field of equation, wave equation for the electromagnetic fields and its solution plane

wave and spherical wave solutions, transverse nature of field, relation betweenE & B , energy density of field,
Poynting vector and Poynting theorem, boundary conditions.

2. EM wave in an isotropic di-electric

Wave equation reflection and refraction at plane boundary reflection and transmission coefficient, Fresnel’s formula,
change of phase on reflection, polarisation on reflection and Brewster’s law, total internal reflection.

3. EM wave in conducting medium

Wave equation in conducting medium, reflection and transmission at metallic surface-skin effect and skin depth,
propagation of EM waves between parallel and conducting plates-wave guides (rectangular only).

4, Dispersion

Equation of motion of an electron in a radiation field: Lorentz theory of dispersion-normal and anomalous; Sellmeier’s
and Cauchy’s formula, absorptive and dispersive mode, half power frequency, bandwidth

5. Scattering

Scattering of radiation by a bound charge, Raleigh scattering (qualitative ideas), blue of the sky, absorption
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LG lization of 1

Displacement current, Maxwell’s field of equation, wave equation for the electromagnetic fields and its solution plane wave and spherical wave
solutions, transverse nature of field, relation betweenE & B, energy density of field, Poynting vector and Poynting theorem, boundary conditions.

0. Show that Ampere circuital law is valid in case where charge density is static that is steady state condition of
charge flow so that p=constant.

Now by Stoke’s lawg B.dl = [[(V x B).ds ....... (ii)

then from equation (i) and (ii) [f(V x B).ds = po f[ J.ds......... (iii)

N

As equation (iii) is valid for any arbitrary surface dsthenV x B = J70Y T (iv)

- — >

Now V.V x B = V. o] = uoV.J AsV.V x B = 0 always then we have V.] = 0
- . = dp ap

Then from continuity equation V.J + P 0 we get P 0

hence ampere circuital law is valid only when Charge density is static.

From this situation we conclude that ampere circuital law in equation (i) or this law in differential form in equation
(iv) for if not complete and not valid for the case of time dependent field.

Q. Show that Ampere circuital law must be modified with the inclusion of the effect of Capacitor for a circuit
consisting of a parallel plate capacitor

Suppose that the capacitor is charged by a current I. Consider a closed path C bounding the surface S;& S,. The
surface S; intersecting a lead carrying the current | and the surface S, passing through the region between the capacitor

plates. Ampere’s law for closed path C and for the surface S, yields § H.dl = [[J.ds =1...... )

The same law for the close path C and for surface S, yields §H.di = [[].ds =0...... (1) @Q/

Equation (1) and (I1) are contradictory equation (1) is correct as it does not involve the capacitor.
On the other hand ampere's law must be modified with the inclusion of effect of capacitor.

0. How Maxwell cure the defect in ampere's law

Ampere's law in differential form VxE = ,uofdoes not hold good for in case of time varying current, where g—‘; =0

To cure the defect Maxwell proposed that something is to be added to right hand side of the equationV X B = yof

soletVx B = pu(J +p)

e —

Now to investigate the significance of J, we have V.V x B = V. o (J + Jp ) = uoV. (J +Jp)

As V.V x B = 0 always then we have V. (/ + /) = 0

orV.j=-V.j, or,—2£=_-V], or,—@z—ﬁfl) [as p=V.D]

0

or, V. (ﬁD — % ﬁ)zo hence [, = 55 this term is called Displacement current density.

Then modified form of ampere's circuital law isV x B = yq (f+ %5)
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Q. Define displacement current

First of all displacement current density is defined as the rate of change of electric displacement vector with time, i.e.,
fD = %5. Displacement current may be defined as the current arising due to time varying electric field between the

plate of a capacitor. The total displacement current is I, = fffD.E where ds is any elementary surface

Q. Is displacement current related to the motion of charge flow

No displacement current is a current only in the sense that it produced in magnetic field it has none of the other
properties of current as it is not related to the motion of charged. So displacement current density fD = %5 has certain

values wheneven J =0

0. Distinction between conduction current and displacement current

Conduction current Displacement current
1. itis due to actual flow of charges in a 1. Itarises due to time varying electric field
conductor in a dielectric
2. Conduction current density is given 2. Displacement current is given by
by J = oE where E =electric field Iy =2D=elF
D= 5t at

o= conductivity where € = permittivity of the medium

3. conduction current obey Ohm's law 3. It does not obey Ohm's law

4. In good conductor] > Jp.i.e..Jp = 0 4 In dieIectrich >>f
5. f Represents the power of conduction 5

/', Represent the permittivity power of a
of a conductor Jp Rep p yp

dielectric

1. Q. What are the consequence of the introduction of 70

The symmetry character of electric field and magnetic field is more prominent after the introduction of fD. Now then
a changing electric field is now seen to produce magnetic field just as a change in magnetic field gives rise to electric
field.

With the introduction offD both steady and non-steady current circuit can be analysed that is the situation where

V.J # 0 All the variation of AC circuits with capacitor can be understood on the basis offD

Q. Prove that displacement current in a dielectric a parallel plate capacitor is equal to the conduction current
in the connecting leads (numerically)

O PFoed(2a) =
]D_ED_EEE_Eat(en)_atn
ThenIp = [[ Jp.ds = ff‘;—:ds =‘Z—‘: S = 6((;5) =%=I(proved)
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b,

Q. ShowthatI, =€ o where @ =electric flux over a surface S

Ip =ff]D.ds:ffaD.dsszeaE.ds=6ffaE.dszeaffE.ds=€

0D
at

¢ (proved)

Q. prove that the displacement current density leads the conduction current density bvg

Let an alternating field E = E, coswt then [ = oF = 0E, cos wt

|
|

And fD =ZD=€—E=—cw E_O)sin wt = ea)E_O) cos(wt + g) (proved)

(o))
(o))

t t

Maxwell’s electromagnetic equation.

Integral form

1.

Gauss’s law in electrostatic: ¢f E. ds = Ei for free space.
0

Gauss’s law in magneto static ¢p B.ds=0

a5

Faraday’s law of electromagnetic induction: ff S(V x E).dS =— | e .dS

—

Modified form of Ampere’s circuital law. ¢ B.dl = uql = g ff(f+fD)d_s) =uo JI (f+ %5) .ds

Differential form:

Gauss’s law in electrostatic: (i) V. E = E% for free space, (ii) V. D = p for any dielectric medium.
Gauss’s law in magneto static: V.B=0

Faraday’s law of electromagnetic induction: (V x E ) = — Z—f

Modified form of Ampere’s circuital law. (V X E) = Ug (f + %5)

Physical significance of Maxwell’s equation

1.

V.E =2 The equation represents that the electric lines of force are not closed. The line of force originated

€o
from the positive charges source and terminates in the negative charges sink. Note that this equation is time
independent. Integral form indicates total electric flux is equal to charge enclosed by the surface.

V.B = 0This equation represent that the magnetic lines of force are closed. There is no source or sink in
magnetic flux in the volume. That means magnetic monopole does not exist. Note that this equation is also
time independent. Integral form indicates magnetic flux is always zero.

(V X F?) =— Z—f This equation is time dependent hence change in magnetic field can be produced a change in

electric field. Integral form indicates induce EMF in a closed circuit is equal to rate of change of
magnetic flux

(VxB) = po (f+ %5)This equation is time dependent tells us change in electric field produced a change in
magnetic field this equation gives local conservation of charge.
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Properties of Maxwell equation

=

Maxwell’s equations are linear. That means principle of superposition is valid here.

2. Equations include the equation of continuity hence Maxwell equation is consistent of the local charge

conservation law

Maxwell’s equations are relativistic invariant

4. Maxwell’s equation is not Symmetric with respect to electric and magnetic field general but taken up
symmetric form in free space where J=0, p=0

5. Maxwell equation predict the existence of electromagnetic wave.

w

Maxwell’s equation in different medium:

a. Freespace:Herep =0, 0 =0, D =€y E, B= yoﬁ
1. V.EzOor,V.BzO
2. V.E=0 or,,V.I?I)=O
3. (VXE)=-po,

— — 0 = -> -
4. (VxH)=€y-E [AsJ=0E=0asc=0]
b. Conducting medium: Here p = 0, As there is equal number of positive and negative charge.fD =0
1. V.E‘)=Oor,v).l_))=0
2. V.E=0 or,,V.ﬁ—O

= a8 oH

3. (VXE)=75,=-u7;
4. (VxH)=]=0E [Asj,=0]
c. Dielectric medium:Herep =0, 0 = 0,f= 6E=0 D =€ E, B = ,uﬁ
1. V.E):Oor,v).B:O
2. V.E=0 or,,V.ﬁzO

S = 0B 0H

4. (TxH)=2 [af=0]

Note that Maxwell’s equation for static electric and magnetic field is

Conservation of electromagnetic energy-Poynting’s theorem

Poynting’s theorem is a statement of conservation of energy applied to electromagnetic fields. To establish the

. S = oH
theorem let us start from Maxwell’s equatlons(V X E ) = —lUg a—f. Now

V.(ExH)=H.(VxE)-E.(VxH)=H.(- ?:) E(J+2D )__H(at) Ej-E2D

= -

For any linear medium D =€ E & B = uH. So we can rewrite the above equation as
d /1. 1., R
V.(ExH)= ——(ZE D+23 H) E.J
Integrating the equation over a fixed volume V bounded by a closed surface S and applying Gausses Divergence

theorem $(E x H).dS = —= [[f, GE.D+3B.H)av — [ff,(E.])av
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=2 [, GE.D+2B.H)av = [[,(E)av + $(E x H).dS ..cooccovvriiirricirn (i)

To understand the physical significance of equation(i) let us interpret its term in it.

Suppose we have some charge and current configuration which at time t produce the E & B fields.

The rate of one ton by the electromagnetic forces on an element of charge dg = pdV is given by
dw - N - N - N - N -
T dq(E + v X B).v = dq(E).v = (E).vpdV = (E.f)dV
[ where  is the velocity of charge elementand J = ¥ p |
Thus the term fffv(ﬁj)dv represents the rate of doing work on the charges in volume V by the electromagnetic
field.

Again we know% D if the electrostatic energy density % H is the magneto-static energy density

Thus the term G E.D+ % ) Maybe interpreted as electromagnetic energy density.

Thus the term — % fffv G E.D + % ) dV represents the rate at which the total electromagnetic energy in volume V

is decreasing. Hence physical meaning of the term gﬁs(ﬁ X ﬁ) .dS now follows from the principle of conservation of

energy.

The rate of decrease of electromagnetic field energy within a certain volume is to equal to the rate of work done

by the field on the charges insight the given volume plus the rate of outflow of electromagnetic energy through

the surface bounding the volume. This statement is known as Poynting’s theorem. So the term gSS(E x H ) .ds

Represents the rate of flow of electromagnetic energy out towards through the surface S. The vector § = ExH

represents the amount of electromagnetic energy flowing out normally through unit area but unit time. This vector
§=E x H is called Poynting’s vector.

Differential form of Poynting’s theorem:

The work done by the electromagnetic field on the charges increased their mechanical energy. If we denote

-

mechanical energy density by u,, then we can write ag—tM = rate of work done on charges per unit volume = E.J

now denoting the electromagnetic energy density G E.D + EE' ﬁ) By u.,,, Wwe can write equation (i)

i(uM+ Upm) + V.5=0

this is the differential form of Poynting’s theorem. This has the same form as the equation of continuity expressing the
conservation of charge, with the total energy density taking the place of charge density p and s taking the place of f .

Therefore, from the analogy with ] the Poynting’s vector can be interpreted as the energy flowing through unit

area per unit time.
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Wave equation in free space:

in free space, where there is no charge (p=0) or no current (f =0) Maxwell’s equation take the following form

VE=0
VH=0
= oH
(VXE)=—po;
(Vxﬁ)=60%§ [ASf=aE=0asa=0]

Taking curl of equation (V x E) = —u, %WG getVx (VxE) =Vx (_“0 g)
or, V(V.E) - V2E = o= (V x H)

z2 5

Or, V2E — g €9 a5 E = 0.covocecce (i)
— - = — 2 — -
Similarly Taking curl of equation(V X H) =€, %E we get V2H — u, € %H =0, (iii)
- Pl 2 = —
thus both E & H satisfied the well-known wave equation Vi — Ciz%xp = 0. thus both E & H propagate in free space

in the form of the wave. And comparing with the wave equation we find the velocity of propagation ¢ = / :

Ho€o
This indicates that the light is an electromagnetic wave.
Plane wave solutions:
the simplest solution of equation(ii) &(iii) are plane wave solutions

E’(?’ t) = Fo'e—i(ﬁ.?—wt)’ ﬁ(?’ t) = Fo’e—i(ﬁf—wt)

Where wave vector k = 27”1“1 = Zgﬁ = %ﬁ here 7 is the unit vector along the direction of propagation and EO, ﬁo

are complex amplitudes.

Spherical wave solutions:

because of the vector nature of E & H it is very difficult to find the spherical wave solution of wave equation. If

we assume that the field parameter depends only the radial coordinate r of spherical coordinate systems then

' 10 (2 %) _1w
the wave equation reduces to —— (r o) "2z =0

%Yr 1 9%yYr

ar? c? ot2

0

Putting ¢ = ¢7 we get

the general solution of the above question is Y’ = f;(ct —r) + fo(ct + 1)

or P = f1(crt—r) + fo(ct+r)

T

The first-term in the right hand side represents a spherical wave diverging from origin of the coordinate system with

the velocity ¢ and second term represents a spherical wave converging to the origin.

A diverging spherical harmonic wave can be represented as ¢ (r, t) = A%cos(kr —wt)+B %sin(kr — wt)
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The relative directions of E & H and k

Substituting the solutions E(7, t) = Eqe~{(67=0t) F(# t) = Hye~i(k7=wt) |n equations V.E = 0 &V.H = 0
wegetk.E =0 & k. H =0 thusbothE & H are perpendicular to k. This implies that electromagnetic waves are
transvers in nature.

Again From (Vx E) = —u0§ we get jk X E = —po(—jwH) or, kK X E = to@H........... (iv)

And from (V x H) =€, %E“ weget jkx H =—€g (—jwE) or, kX H=€g WE..c.cruervruenens )

from equation (iv) it is clear that H if perpendicular to both k &E. from equation (v) it is clear that E if

perpendicular to both k & H. Thus the field vectors E & H and mutually perpendicular and also they are

perpendicular to the direction of propagation k. The vectors E & H & k form if set of orthogonal vectors, which

constitutes a right handed system in that order.

Relative phase of E & H

2

- 2 o - — — —
From V2E — u, EO%Ez 0 or from V2H — y, EO%H =0 weget k% =py €y w?

thus, in free-space k is real quantity and hence implies that E&H arein phase

Wave impedance:

|
=
o
S

Ho
€o

the ratio of magnitude ofE & H is Z, =

=
&

As Z, has the dimensions of impedance and is known as the wave impedance in free \/Z:‘) = /% = 376.612

0

Poynting’s vector

S=ExH=EX (M—wk xE) = —|k(E.E) —E(E.k)] =—E?k=——k=—1
0
Thus the energy flow in the direction of where propagation. Since E is normal to k, then we can write from
. . 1 1
equation(iv) kE = powH or, E = %H or, E = Z—ZH or, /€ E = JuoH or,- €y E? =~ H*
This shows that in case of electromagnetic wave in free space energy is equally shared between electric and magnetic

fields. Hence total electromagnetic energy density u = %eo E? + %uOHZ =€, E?

u

A 1 . A
n=u n=ucn
EOZ_O Ho€o

u
u ho? i y S
or, E? = - Then Poynting’s vector can be written as s = ;—On =
. 0

(=}

Time average of Poynting’s vector:

So far we have freely used the complex solution of the field vectors E & H with the understanding that actual
quantities are given by real parts of the complex solutions. As s is non-linear in the fields it is essential to take a

real parts of the fields before multiplying them.

Thus the real point in vector § = ReE x ReH where ReE == (E +E*) andReH = (H + H")
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§=2[(E+E)x (A4 A)] = 3 [Ex A+ Ex B + B x A + B x ']
1.5 o 5 o 5 o 5 o 1. 5 - 5 o
(§)=Z[(E><H)+(ExH*)+(E*><H)+(E*><H*)]=Z[(E><H*)+(E*><H>]

1o - R R SO
()= Z[(Ex H*) + (B x H)| = 5 Re(E x H") = S Re(E" x H)

the magnitude of time average of pointing vector is called intensity of radiation(l). Thus the intensity
L1 Ey Hy
I=|(s)| = EEOHO = ﬁﬁ =Erms X Hrms

Similarly, the time average of energy density

(u) = (€y E2) = (€, E.E) = 5 €o Re(E.E*) = 5 €o Ey% =€ E?, s

Relation between intensity and time average of enerqy densit

1 1 H, 1
= —ImS = =c or,] =c(u)
(u) €0 Erms Ho€o

Boundary conditions

when electromagnetic waves exist in more than one medium the field vectors must satisfy certain conditions at the interface of
two media. These conditions are known as boundary condition. These conditions can be deduced from Maxwell’s equation.

To find the boundary conditions for we note that Maxwell’s diverges equations
V.D(t) = p(t) V.B(t)=0

are exactly of the same form as the corresponding equations in electrostatic and magneto-static except that hereD (¢), B(t), p(t)
are time dependent.

To find the boundary condition on D we consider figure 1. Integrating the equation V. D (¢t) = p(t) over the volume of the Pill-box
and using divergence theorem we get [ D.AdS = oAS

Now following the procedure as for electrostatic and magneto-static case
weget D,. A —Dy.A=0Ceuvn...... )
s0 the normal components of D are discontinuous across the interface by an

amount equal to the free surface charge density.

Similarly again following procedure as before for static case we get ByA= Byfleooeenieannn, (IT)

Thus, the normal components of B are continuous across the interface.

Maxwell’s Curl equations V X H = (f+ %5) and (VxE) = — ‘Z—f are different from the corresponding static equations.
However, it turns out that the boundary conditions remain exactly the same as in static case with the time dependence retained in
the fields and the current. To find the condition on the tangential components of H we integrate VxH= (f+ %5) Over the
surface of small rectangle shown in figure 2. Thus

— = ~ > 0 = A
fys(V x H). 7dS =[], J. AdS + [f,;5, D. AdS

If %5 is bounded, then it’s integral over AS vanishes in the limit Ah — 0. So following the procedure as it was in the static

caseweget A X H, —AXH, =K.......... (111

Show the tangential component of H are discontinuous across the interface by an amount equal to the free surface current density.
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A similar integration of the equation (V X ﬁ) =— Z—f over the surface of small rectangle of figure 2 gives

— = ~ 0 = A
Jys(V X E). dS = — [f,;—B. AdS

= — 0

$.E.dl =~ HASEE Ads [ using Stokes’ theorem]

If %E’) is bounded, then it’s integral over AS vanishes in the limit

Ah — 0. So following the procedure as it was in the static case we get E,. % = Eq.feeeeeeee..... Iv)

Thus the tangential component of E are continuous across the boundary.

Equation (I)-(1V) constitute the most general boundary conditions for the electromagnetic fields. In case of linear medium the
boundary conditions can be expressed in terms of E& B fields

2. EM wave in an isotropic di-electric

Wave equation reflection and refraction at plane boundary reflection and transmission coefficient, Fresnel’s formula,
change of phase on reflection, polarisation on reflection and Brewster’s law, total internal reflection.

Plane electromagnetic wave in an isotropic dielectric medium.

In isotropic die electric medium , where there is no charge (p=0) or no current (f =0) Maxwell’s equation take the

following form

V.E=0
V.H=0
= oH
(VXE)=-un;
(Vxﬁ)=€%§ [Asf=0§=0asa=0]
Taking curl of equation (VX E) = —p, We getV x (VXE)=Vx (_”E)
— = 0 —
Or, V(V.E) = V’E = uo (Vx H)
_V2E =, %(clE
Or, -V°E —,uat(e 6tE)
20 62 = = ..
Or,VE—/,LEﬁE—O .......................... (i1)
— — =3 — 2 5 —
Similarly Taking curl of equation(V x H) =€ %E weget V2H—pue€ %H = R (iii)
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- — 2 - =
thus both E & H satisfied the well-known wave equation V2 — ia—z/; = 0. thus both E & H propagate in an

v2 9t2

isotropic dielectric medium in the form of the wave. And comparing with the wave equation we find the velocity of
propagation v = \/% This indicates that the light in an isotropic dielectric medium is an electromagnetic wave.

1 1 . . . .
Nowv = |—= < For nonmagnetic dielectric medium u, = 1 thenv = — =
ue Ho€ +€r

oMrEr - VirEr
Where K = relative permittivity or dielectric constant.

A
=

Plane wave solutions:
The simplest solution of equation(ii) &(iii) are plane wave solutions
E’(?’ t) = E_O’e—i(Tc'.F—wt)’ 1?1)(7_‘), t) = Fo’e—i(ﬁf—wt)

27TV A

Where wave vector k = 27”13 =—h= %ﬁ here @ is the unit vector along the direction of propagation and E,, H,

are complex amplitudes.

The relative directions of E & H and k

Substituting the solutions E (7, t) = Ege~{(k7=t) (7 t) = Hye~{k7-©t) in equations V.E = 0 &V.H = 0

wegetk. E =0 & Kk.H =0 thusbothE & H are perpendicular to k. This implies that electromagnetic waves are

transvers in nature.

Again From (Vx E) = _#aa_It? we get jk X E = —u(—jwH) or, kX E = pwH........... (iv)

And from (V x H) =€ ZEweget jk x H = —€ (—jwE) or, K x H =€ @E......ceveu.... ™)

from equation (iv) it is clear that H if perpendicular to both k & E. from equation (v) it is clear that E if

perpendicular to both k & H. Thus the field vectors E & H and mutually perpendicular and also they are

perpendicular to the direction of propagation k. The vectors E & H & k form if set of orthogonal vectors, which

constitutes a right handed system in that order.

Relative phase of E & H

=3 2 5 — — 2 5 —
From VZE—ue% =0 orfromVZH—ye%H=0 we get k% =y € w?

thus, in an isotropic dielectric medium Kk is real quantity and hence implies that E&H arein phase

Wave impedance:

the ratio of magnitude ofF & H is Z = 12l = 62 — £ [kokr _ 7 [ir
|H]| k € €0€r €,
. . . . _ _ i _ ﬁ
For nonmagnetic dielectric medium u, = 1then Z = = =7k
Poynting’s vector
- — - 1 - - — = o - > = 1 e EZ - E‘2
§=ExH:E><(—k><E)=—[k(E E)-E(E.k)|=—FE*k=-—k=—1
1) Uw Uw Zk Z



Thus the energy flow in the direction of where propagation. Since E is normal to k, then we can write from
equation(iv) kE = uwH or, E = %H or,E = \/EH or, VEE =/uH or, % €EE?= %,qu

This shows that in case of electromagnetic wave in an isotropic dielectric medium, energy is equally shared between
electric and magnetic fields. Hence total electromagnetic energy density u = % EE?+ %MHZ =€ E? = uH?

~ u A 1 . ~
n=—n=u|—n=uvn
€ HE

N|ni=

or, E? = g Then Poynting’s vector can be written as S =

ml=

Time average of Poynting’s vector:

So far we have freely used the complex solution of the field vectors E & H with the understanding that actual
quantities are given by real parts of the complex solutions. As s is non-linear in the fields it is essential to take a
real parts of the fields before multiplying them.

Thus the real point in vector § = ReE x ReH where ReE == (E +E*) and ReH = (H + H")

S

[

<§>=%[<Exﬁ>+ (E x H*) +(E* x H) + (E* x H")]

E
1 — = — = s - -
7 XH+EXH +E*xH+E*xH"|

§=2[(E+E) x (H + )] =

1o o o o o
Z[(ExH)+(E x H)]

1,2 = R S S,
(8) = Z[(E x H) + (E* x H)| = ERe(E x H*) = > Re(E" x H)

the magnitude of time average of pointing vector is called intensity of radiation(l). Thus the intensity
=[5 = lEOHO = &ﬂ = Erms X Hrms
2 Vayvz o e
Similarly, the time average of energy density

- o 1
€ Re(E.E*) = E € E02 =€ Ezr.m.s

N| =

(u) =(€E?)=(e E.E) =

Relation between intensity and time average of eneray densit

1 1H 1
— === | —=vp o] =v(u)
(u) € Erms ue
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Ordinary laws of reflection and refraction.

Suppose that the XY plane forms the interface Z=0 between two linear homogeneous dielectric (non-conducting)
media characterized by permittivities €; & €, and permeability’s u; & u, respectively. Let a plane electromagnetic
wave be incident on the interface at the point O . The wave is partly reflected and partly reflected. Let us represent the

electric field associated with these waves by  E = Ege/(k7-0t) - F = F e ikif-oit) . =
Eyge i (KaT-wat)

Where ET) : ETO & Q are amplitudes k, El& Ez are propagation vectors w, w; & w, are the frequencies of the
incident, reflected and refracted wave respectively.

Let us now apply the boundary condition that the tangent components of electric field are continuous across the
interface Z=0. Thus  (Eg) e /*7-90 4 (E ),e /KrT-01t) = (E, ) e~ (kaT-w2t)

where the subscript t is used to denote tangential component. The condition must be valid for all values of time and it
immediately follows that w = w; = wWy...even..... 6))]

Thus the frequency of electromagnetic wave does not change on reflection and refraction.
The condition (i) must also hold for all points on the interface so we must have k.7 = k;.7 = k,.# atZ =0
therefore k, = kqix = kpxand  ky, = kyy = kyy

If the incident beam is assumed to be in the XZ plane then k,, = 0 hence k;,, = k;,, = 0 and both El and Ez lie in
the XZ plane.

Since Z axis is normal to the interface we may conclude that incident, reflected, refracted waves and normal to the
interface at the point of incident all lie in the same plane. From figure

kx = ksin® y klx = k1 sin 91 And kzx = k2 sin 92
There are from the condition k, = k;,, weget ksinf =k;sinf;............. (i1)

Since the vectors k & El lie in the same medium we can write for the phase velocity in medium 1

w _ ﬂ _ 1 — — - - —
P As w = w4 then k = k; hence from equation(ii) 6 = 6,

That means the angle of incident is equal to the angle of reflection.
Agaln as klx = ka kl sin 91 = kz sin 62
ki . _ ko,
—sin 0, = —-sin 6,
1 . 1.
o sinf; = Zsm 6,
c . c .
o sinf; = Zsm 6,
n, sin8; = n, sin 6, Which is well known Snell’s law of refraction.

you may proceed another way

w c
sin 6 k k1 v vy n . .
—l=Z2=F=t=2=-2 ny sinf; = n, sin6,
sin 6, k4 ™ 123 o nq

2 1
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Fresnel’s equations:

The equations which relate the amplitudes of the reflected and refracted waves with that of incident wave are known
as Fresnel’s equations.

We know that E'vectors in a plane electromagnetic wave is perpendicular to the direction of propagation of the wave.
However, it may lie in arbitrary directions in the plane normal to the direction of propagation. It is convenient to
consider two extreme cases separately.

1. For which the E Vvector on the incident wave is perpendicular to the plane of incident ; this is called s
polarization.
(s for German word senkrecht meaning perpendicular).

2. For which the E vector on the incident wave is parallel to the plane of incident (the plane defined by k& l);
this is called p — polarization (P for parallel).

The general case of arbitrary polarization can be obtained by a suitable linear combination of the two extreme results.
Case 1: E vector on the incident wave is perpendicular to the plane of incident

suppose the E vector of the incident wave lies perpendicular to the plane of incidence XZ plane as shown in figure as
the media on two sides of interface Z=0 isotropic the E vector reflected and refracted waves will also be perpendicular

to the plane of incident. Assume that E vectors are directed normally out of plane of the paper. H ,H, , H, Lie in the
plane of paper.

Let us represent the incident, reflected and refracted waves by

- —_ _ T > — Exﬁ
E =Eye jkr-wt) , H =

wWHy
e —_— _.—’ 2 —_— Fxﬁ
E1 =E1oe j(k1.7—w1t) ’ Hl — K1X&

whq
e e _.*’ > —_— ?XE
E, = Eye Jj(k2.T—wat) H, = X275

wH2

Since the electric vectors are all parallel to the interface z=0 , the continuity of the tangent component of E field gives
us

Eje i(kF-wt) 4 | emi(ii-w1t) = [, o=i(Kaf=w2t)

The condition must be valid for all values of ¢ and for all points on the interface. This lead to the cancellations of
exponential factors. Hence E, + E;¢ = Ey

The continuity of tangential components ofH fields across the interface z=0 gives

—Hycos8 + Hygcos 0, = —H,,cos 6,

—  kxE kxE
NowH = == |& that means H, = |E,
W, U1 K H1

Slmllarly H10 = \/67_1E10 and HZO = \/?_ZEZO
251 25
Therefore —\/;:1 Eycosf + \/%Em cosf; = —\/;:z E,qcos 0,

Or, (_EO + E].O) \/%EO COSQ = _\/%EZO CoS 82 as 9 = 91
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Multiplying equation (ii) by —a

E,(-2a)=(-b—a)E or, amplitude of transmission coefficient t = =
0( ) ( ) 20 p L= EO a+b fcos@+feos@2

Multiplying equation (ii) by b

) ) o E a—b ;—11c059— ;—chosez
Ey(b —a) + (b + a)E;, =0 or, amplitude of reflection coefficient r, = 22 =— =
Eo a+b £l cosO+ |2 cos 0,
M1 U2
As most of the dialectics are essentially nonmagnetic we can write y; = u, = yoy againn, = /? n, = i—z
0 0

Where n,, n, are the refractive index of these two medium respectively. Then we have

__Ejp _ nq cosf-nycos6,

Ezo 2n,cos6
r, = = ; S =20 =
Eo M4 COS 0+4n; Cos 6

t, = = —
L Ey n4 cos 0+n, cos 6,
Now as from Snell’s law n, sin @ = n, sin 8,

Fresnel’s equation can be rewritten as

ny sin 6, _ .
__Eio _ “sing cos 8—n,cos 0, _ sin(08-6,)
1= - - .
Eo 125M 92 cos 6+n, cos 6, sin(6+6,)
sin 6
ny sin 6, .
t, —F20 _ 2~ sng_ c0sf _ 2cos@sinb,
Eo %nneezcos 0+n, cos 6, sin(6+6,)

Case 2: E vector on the incident wave is parallel to the plane of incident

suppose the E vector of the incident wave lies parallel to the plane of incidence XZ plane as shown in figure as the
media on two sides of interface Z=0 isotropic the E vector reflected and refracted waves will also be in the plane of

incident. Assume that E vectors are in the plane of the paper. H H; H, Are perpendicular to the plane of incident or a
plane of paper.

Let us represent the incident, reflected and refracted waves by

-

- — _.”a_ — %XE
E=E0€ j(kr—wt) , H =

wHq
o iGiean e TaxEs
E1—E1o€ J(k 1)’ Hl—_

W,

B, = Fpge i am-wat) | [ = KXz
2 20 ' 2 Yy

The continuity of tangential components ofE fields across the interface z=0 gives
Eycos8 — E;ycos8 = E,pcos b,
The continuity of tangential components ofH fields across the interface z=0 gives
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Hy + Hyp = Hyy

ASbeforeHoz\/;:iEo , H10=\/;:iE1o , Hzo:\/;:zEzo

therefore ’i (Eo + E1p) = /E—ZEZO ...................................... (1) X cos 6
Ha Uz
€1
Eycos0 —Egcos8 = E;5c0S0; v v v v e e (1) X ,u_
1

Ey 2 /;—1 cosf = ( /;—2 cos O + /;—1cos 92) Eyo - amplitude of transmission coefficient ¢, = -2* =
1 2 1 0
2 |€L coso
N
’G—Zcos 6+ |ZLcosh,
U2 H1

L (Ey + Eqp) = FEZO ...................................... (1) X cos 6,
Hq U2

EycosO —EjgcosO = E;qcos0p.uvveiiiiiiiiinn.... I x — |—=

& — |2 &1 f2 =
(\/;cosez \/;cose)EO+(\/;COSHZ+\/;C059)E10 0

€2 f51
—=cos6— |—cos6b )
Eqio _ ( Uz 251 2
Eo /6—2c059+ 1 cos o,
U2 151
€2

As most of the dialectics are essentially nonmagnetic we can writey, = p, = yy ny = ’Z—l and n, = =
0 0

~ amplitude of reflection coefficient r, =

Where n,, n, are the refractive index of these two medium respectively. Then we have

— Ejg _ Ny cosf@-nycos6, t = Eyo _ 2n4cos6
I Ey n, cos 0+n4 cos B, I Ey n, cos 0+n4 cos 6,

Now as from Snell’s law n; sinf = n, sin 6,

Fresnel’s equation can be rewritten as

in 6
Eyp M2 C0sO—T22072c0s0,  sin(20)—sin(26,) _ 2cos(8+6,)sin(6-6,) _ tan(0—6,)

n=

B n, C059+%C0592 T sin(20)+sin(26,)  2cos(6-6,).sin(0+6,)  tan(6+6,)
no sin 6,
o= Ezo _ “sing cos @ _ 4cos@sinf, 4cos6@sinb, _ 2 cos@sinb,
=g nzcos%%wwz T sin(20)+sin(26,)  2cos(8—6,).sin(8+6,)  cos(6—6,).sin(0+8,)
sin

Physical implications of Fresnel’s equation

various important aspects of electromagnetic waves can be described by using Fresnel’s equation. In particular, we are
interested in polarization effects, phase changes, total internal reflection, reflectance and transmittance.

Polarisation by reflection

we find that n, = 0 for 6 + 6, = % , that means that if 6 + 6, = g then electric field polarised parallel to the
plane of incident is not reflected at all. In this condition r, # 0 that means electric field polarised normal to plane of
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incident is partly reflected. Thus, an un-polarised light consisting of both types of E fields incident at an angle
6 = 0p satisfying the condition 6, + 6, = g we’ll be plane polarised normal to the plane of incidence. This angle
8p for which r; = 0 known as Brewster angle or angle of polarisation. Snell’s law in this case gives us

n, _ sin@ _  sin6p

= = = tan 6p.
nq sin 6, sin(g—ep) P

Thus, the tangent of the angle of polarisation is equal to the refractive index of the reflecting media related to the
incident medium. This is known as Brewster law.

Amplitude coefficients and phase change

Fresnel’s equation show that amplitude coefficients depend on the value of incident angle 6. Let us to examine the
dependence over that in the range of values of 6. For nearly normal incidence 6 and 6, tends to zero.

ng —n;

T _n = In =

[rilo=0 = [M]e=0 e
2n4

t _an=|t = —

[ti]lo=0 = [ty]o=0 e

As an example for air-glass interface n; =1 n, =15  [ri]lg=o = [r3]g=0 = —0.2
[t1]lo=0 = [ty]g=0 = 0.8

for normal incidences the plane of incidence becomes undefined and any distinction between parallel and
perpendicular components vanishes. The difference in signs of & r, arises only because E and E) are antiparallel
when @ tends to zero, where as E and E_l) Point in the same direction for grazing incident when 6 tends to 90° then

T":T_L:—l t||=tl=—0

sin(6-6,)
" sin(6+6,)
significance of negative sign is that the component of electric field perpendicular to the plane of incident suffers a
phase change A¢, = m when reflected from a surface back by an optically denser medium. In contrast from 7 =
tan(6-6,)
tan(6+6,)

Forn, > n,; fromSnell’slaw 6, < 8 and hence fromr, = r, is negative for all values of 8 . The

Shows that forn, > n; thatis 6 > 0, , r starts out the positive at 0= 0 and gradually decreases until it
becomes zero at the polarizing angle 8 = 0p. As 8 increases beyond 8p 1, becomes progressively more negative
and reaches the value —1 at 8 = 90°. Thus for n, > n the electric field polarised parallel to the plane of incident
7 is positive that is no phase change A¢; = 0 for 8 < 8p. And 1; is negative that means phase change A¢ = m for
0 < 6p.

t, andt, are always positive that means that refracted waves do not suffer any phase change

A A

VA T
Al A

[
|

0 0,

[
|

0
Here it is important to mention that we have chosen ﬁ, H , k vectors to have the same relative orientation when

looking down the propagation vector. The E field normal to the plane of incident are said to be in phase, if parallel;

m-out of phase, if antiparallel. The Efield parallel to the plane of incident is said to be in phase if their z-
components are parallel, and said to be out of phase if z-components are anti-parallel. Note that a phase difference
between two
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Efields at the same as that between two associated Hfields. So we need only to look at the vectors normal to the

plane of incidence , way that they be E or H to determine the relative phase of accompanying fields in the plane of
incidence.

Total internal reflection.

Suppose we consider the case of internal reflection which the incident medium is more dense. i.e., ny > n, .

. sin(6-6,)

: r, is positive for all values of 8. Hence r, starts from the value
sin(6+6,)

In this case 8, > 6 and equationr, =

% At 6 = 0 and then increases with 6 and attains the value +1 for 8 = 6, where 8, is called critical angle. 6.is
1 2

the value of the angle of incidence for which the angle of refraction 8, = 90°.

tan(6-6,)
tan(6+6,)

Shows that forn; > n, thatis 8 < 8,, rj starts from a negative value S

In contrast from 7 =
n1+n2

At 6 = 0 and then increases with 8 becomes zero at polarising angle 8 + 8, and attains the value +1 for 8 = 6,.

1

n sin 6, . n
2= ¢ nsind,=1  wheren= =

The critical angle is given by Snell’s law

n_1 " sinZ n,
z 1
. n, sin @ . .
For any angle of incidence 8, — = = Thennsinf = sin 8,
nq sin 6,
Tr
Hence cos@, = /1 —sin26, =V1—n2sin26 - 5
0pYcC
-
When 6> 6, nsinf,>1  cos#, Becomesimaginary cosf, = jvn?sin?6 —1 '
We know examine Fresnel’s equation for 6> 6. using the values of sin 8,, cos 6,

- Ei9p _ ncosf—cosf, _ n cosf—jvn2sin? -1
L7 g n cos 6+cos 6, n cos@+jvn?sin? 6-1

obviously the magnitude of the amplitude reflection coefficient |r,| = 1. r,is complex with implies a change of
phase on reflection. This change of phase depends on the angle of incident greater than 6, but magnitude of
r remains 1.

Similarly we can show that for 6> 6, the coefficient r; is complex and|r||| = 1. Again phase change depends on
the angle of incidence greater than 6.but magnitude of r, remains 1. Thus both the component of electric field is
totally reflected back into the denser medium. This is well-known phenomenon of total internal reflection. It plays an
important role in fibre optics.

Phase change in internal reflection.

A

T A

Ag
A,

Or 0, 0 6. o
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Maxwell’s equation and circuit equations

Kirchhoff’s current law: considered that several currents meet at a junction in an electric circuit emerging a
closed surface S enclosing the junction. If V is the volume bounded by the surface S, then by Gausses

divergences theorem. [f, V.jdv = g;ﬁsf.ﬁds =0 asV.J=0
Then [[; J.RdS + [[; J.RdS + [f; ] .7dS =0

11_12_I3=0

Kirchhoff’s Voltage law:
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