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Properties of central force:

A central force is one which at every point at its field is directed either towards or away from some fixed point

in the field. It can always be written in the form F = FAf(#) v oo eecee ces ces oo (D)
[Where # is the unit vector in the direction of position vector # with the fixed point as origin.]

The force represented by equation (i) is anisotropic force field here the central force depends both direction and

magnitude of position vector 7.

Exam: F = 7 kr cos ¢ .When the central force depends only the magnitude of the position vector then central
force is called Centro-symmetric and is expressed as F = F#f(r). Exam: F = :—12( Note that usually term central

force means Centro-symmetric central force.

For all Centro-symmetric force, irrespective of the form of the function it can be shown that V x F = 0 Then a

Centro-symmetric force is always conservative.
Note that conservative forces are not in general central.

Prove that Centro-symmetric central force is always conservative.

= We have Centro-symmetric central force as F = #f(r)
then Vx F = VX #f(r) = Vx;f(r) =V x #g(r) [ Where g(r) = @ ]
= (V) X F)g(r) +Vg(r)x7=0+ g(r)f x#=0 (Proved)

Can you find a potential function corresponding the force F = # kr cos ¢

7 (" (rsinb) P
1 a a 0
r2sinf or 20 %
krcos¢p (r)0 (rsinf)0

:>Here§><ﬁ:

= (—krsing)(r)d # 0

r2sin6

Hence the force is not conserved. So Potential function is not defined here.
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Prove that in a central force field angular momentum of the particle w.r.t force center is constant.

= The torque on any parcel about force center under the action of central force (both anisotropic or Centro-
symmetric) N = # X #f(#) = 0

Then if L is the angular momentum of the particle about force center, then % =N =0. ThenL is constant.

Prove that in a central force field, the motion of the particle is always confined to a plane.

= We have the relation between position, velocity and angular momentum w.r.t force center is,
L=#xmb=m(# x¥) [where m is the mass of the particle.]

Then by the property of cross product 7 & ¥ must lie in the same plane (note that force center is also lie on this
plane.) which is perpendicular toL. Now for central force, L is constant vector (i.e, it has fixed magnitude and

direction in space). Then (¥ X ¥) is a constant vector. Hence 7 & ¥ must lie in a particular plane.
Thus motion is always confined to a particular plane (perpendicular to L ) containing the force center.

Is the motion of a particle under the force field F = —# kr cos ¢ is confined in a plane?

= As F = —f kr cos ¢ can be expressed in the form—#f(#). Then Fis a central force (anisotropic),

Hence obviously the motion is confined in a plane.
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Motion under central force:

We can without any loss of generality, choose a two dimensional (planer) co-ordinate system for description of
motion of a particle under central force field, as the motion is confined in a plane. For symmetrical reason a

plane polar co-ordinate (r, 8) is the best for central force field problems.
In plane polar co-ordinate the acceleration is represented by @ = (i — r8?)# + (10 + 27-0)80.
Then the equation of motion becomes m(i* — r0%)# + m(r8 + 270)8 = #f(r)

Now the problem is reduced to two differential equation of second order m(# —r6%) = f(r) &
m(ré +279) =0

[Hence required four initial condition for a particular solution]

Show that the constancy of |L| actually reduced the two dimensional problem of central force(centro-symmetric)

in one dimensional motion and allows complete solution based on two integral or constant of motion |L|& E

where E is the total energy of the system.

= We have two differential equations m(10 + 270) = 0 .......erreerresrrsisins @)

& M(F = T0%) = f(I)rrrerrrrsrsiserssessesssssssssssee (ii)

Multiplying equation (i) by r we get m(r26 + 2ri6) =0 or, %(mrzé) =0 or, mr?é =constant.

That means angular momentum |Z| = constant = L (say) ~ 0 = #

Now from equation (ii) m {1" —r (#)2} =f(r) or,m {r —r (#)2} = - Z—Z

[as for conservative force f(r) = — % where V = potential energy.]
Then m# — mr (erz)z = —Z—Z
or, mi = =G4 5 = = (V)

or multiplying both side by # we get mi = —= (V + L )f

dar 2mr2
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Or,i(lmf”z)=—i(V+ o )or,%(lmf2+V+ L )=0

dt \2 dt 2mr? 2 2mr?
1.5 L?
or. ;mi* +V + —— = Constant. = E (€17137 (iii)

Equation (iii) shows that constancy of | L| actually reduced the two dimensional problem of central force

(Centro-symmetric) in one dimensional motion.

2 2,402
[NotethatE:%mi'2+V+ L lmiz 4y + 220

2mr2 2 2mr2

= %m(i‘z +126%) + V = K.E. +P. E. =Total mechanical

energy. Hence equation (iii) allows complete solution based on two integral of motion |Z| &E]

Show that from differential equation that a particle under central force field (Centro-symmetric) the total energy

is_constant.
= Sec the above procedure.

For a particle under central force field find the equation which gives the distance r from the force center as an

implicit function of ¢

= We have L = mr?(t)0 =constant.................ccoe... @)

2

_ 1 ) L _ .o _
&E= smr(O)+V+—— o constant. ..... (i) [Note that here r = r(t)]

2

1
. o s 2 L . 2 L2 2
From equation (i) 72 (¢) = ;{E -V- m} or, I = \/; {E -V- Wz(t)}

1
2

dr 2 L?
oL 4t = m {E V- Zmrz(t)}

or, [ ar = fot dt

To
2 L2
\/; {E_V_Zmrz (t)}

L.t _ |mr dr
= flde= \ﬁ " (i)

1
2
f5-v

N =

" 2mr2 (t)}
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Find the equation of the path of the motion for a particle under central force (Centro-symmetric).

de L L

We have 6 = 2o 0w = e O de = mdt
L ft dt dr r dr/r%(t)
or, [0 = L[} A= [ = Lff O
2(¢ L? }2 {Zm(E L }2
r( ) 2mr2(t) r2(t)
2
20=00+ L[] — O . (iv).

{Zm(E—V)—r;—?t)}z
Equation (iv) gives the equation of the path of the particle.
Note that hence solution of is obtained in terms of four constant L,E,7,8,

4 Again note that if L = 0 (ie.,# & ¥ are in the same direction that means direction of ¥ goes through force

center)

Then from (iv) @ = 8, and from E = —mr2 O+V+——-wegetE = %miﬂz (t) + V'. Hence motion is along

2
mr2(t)

straight line through force center.

4+ Note that solving r & 6 as a function of time from equation - t = \/% f:o &

1
2
fpv- 2P
2mr4(t)

& 0=0y+ — f ‘ f (t 5 rather difficult. Then in practice it is often easier to find he path of the particle from
2
equation 6 = 6y + L frr dr/r® 7 by eliminating t.
{2m(B-v)- zz)}z

Differential equation of the orbit for motion under central force.

We have the equation m(# —r6?%) = f(r) & mr?0 = L. Then mi* = f(r) + — mr3 .. ()
. dr dr dG dr . dr L
Then 7 = = o =% ? = 2ame
d dr d (dr L d (dr L do
Then #= 3 % = 2 (Gm) = a5 (o) 3r

d?r L dr d , L . d?r L dr (d , L |dr)],
- {d92 mr2 +EE mrz) }9 - [dGz mr2 +E{E (mrz)ﬁ}] 4
[d_Zr Loy p by }]g_d_er L, L (E)ZL_L_Zd_Zf_zL_Z(ﬂ)Z
doZ2mr? = de mr3/ de do2 mr2 mr2 mr3\d6) mrz  m2rtdez m2r> \do

L?> d%r L?

m2r4 do2 mezrs (_) - f( ) + mr3

We get from equation (i) m
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then finally, d’r 2 (dr

2 4
+ Note that -Equation (ii) is the differential equation for the orbit, when f(r) is known differential equation can
be solved [solution is = r(08)] for the orbit.

+ Conversely if solution r = r(0) is known then one can find the force law f(r)

Alternative (but useful) form

. .. ; : .. L? ,

We have the equation m(# —r6?%) = f(r) & mr?0 = L. Then mi* = f(r) + e SUPRPIN ()
1 dr _drdu 1 du 1 dud6 1 sdu 24 du L du
Letr== then, - =—-=—-—=S—=—-—=S——=-=0—=-10— =———
u Tdt  dudt u? dt u? do dt u?” do ae mdo
. ddr _d L du L d (du L d%u Ld*u L L*u? d*u
Hence r = ——=—(———=)=—f—>—(=2)=—=—F5 0 = ——— =—— 7
dt dt dt mdo mdt \do m do? mdez mr? m? deo

1 . . L?u? d?u 1 L?u3
Then when r = — we get from equation (i) —m — 297 = f (Z) +=
3 d*u m 1 ..
Hence finally ez Tu= —mf(;) AR (1))
4+ Note that -Equation (ii) is the differential equation for the orbit, when f (%) = f(r) is known differential
equation can be solved [solution is u = u(08)] for the orbit.

4+ Conversely if solution u = u(0) is known then one can find the force law f G) = f(r)

Show that total energy of a particle of mass m acted on by a central force is given by

121 [rar\? | 5
E = ﬁr_‘*[(ﬁ) +r ]+V(r) where symbols are as usual.

= Lo (72 + 1262 s dr_drdb dr 5 dr L 29 — ) — L
We have E—Zm(r +71202) + V(r). Now P=—=——=—0=—— [asmrf =1L tnen 6 = —]

Then E = %m [( ar L )2 + 72 (#)2] +V(@) ~E= L1 [(dr)z + rz] +V(r) (proved)

do mr? ~ 2mr*|\ao

Show that total energy of a particle of mass m acted on by a central force is given by

2 2
E = zL_m (Z—:) + uz] + V(%) where symbols are as usual.

We have E = %m(f’z +71202) + V(r).

. dr d (1 1 du 1 dudf 1 du . 1 du Lu? L du . .
Nowr=—=—( )==———=————=——— =-—=—-—=——— [Asmr?f =L ~0= =
dt dt u? dt u2do dt u2do u2dé m mdé mr2 m

u

Then E = %m [(——— )2 + i(%)2] +V (%) ~E = L (d—u)z + uz] + V(%) (proved) (alternate form)

u2
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Find the equation of orbit for a particle under central force from energy consideration

2 [faw\? 5 1
We have E _E[(E) +u ]+V(;)
dE 12 [d fau\? | d , 5 AVE)  2[d, \pdx , d , o du] | AV du

ThenE‘%[E(E) +o )]+—dr =l e e T s [ =A]

= L[5, dxa6du au] L av _ L% [, du d®udd . _ 2] d_V_‘ZLZ"Z[dz_” ] awv

T oml“¥ a0 auar udr]+dr_2m[2d6 a6zau " ¢ )+ 2u(-u) YT Tam laz TH TG

dE —L2u? [d?u av
For central force problem E= constant, — =0 then — [ﬁ+u] =-—= f()
2

[as for central force —Z—Z =f()] -~ Finaly% +u= —LZTZZf G)

2mr+ |\a6

2 2
Alternate form Let’s start with E = —— [(dr) + rz] +V(r)

dE _ 1 (—=4\[rar\? | 2], 12 1[a (ar)? av
The“;—ﬁ(r—s)[(ﬁ) +T]+%—4 =(5) +2T]+E

d (dr)z _d (x)? dx _ d (x)? dx df _ dx d6 _ dr d?r df _ . d?r
ag) dr— dx -

Now -~ dx do dr X 30 ar

- [where ar _ x]

do a6z ar  ~ ae? ae

Then d—E—ﬁ(j) (dr)z +£(_—4)r2 + L1, d—zr+ii2r+d—‘;

ar — 2m\r5/)\as 2m \7r5 2mr* T do?  2mrt d
dE —21% fdr\%? 212 1% a4?r |2 av
For central force problem E= constant, —=0 ~—— (E) ——S it t— = ——=f() [asfor
av
central force —— = f(r)]
—212 (dr\% 12 ad?r @ I? , d?r 2 (dr)? mr# .
Fr—s(ﬁ) mr4m - 3 f(?") Then flnally, W - ;(E) —-r = 12 f(T) (l)
Motion under inverse square law of force.
. . — k , s . av k
Here in this case F(r) = t37 [we take here k to be positive.] then we can write - = 3
k
V() ===
"
1. L? 1. k L? 1.
Note that E = -mr?2 +V + then E = -mr? + - =-mr?2+V
2 2mr2 2 r  2mr? 2

Ly g
r  2mr?

[where Effective potential V'= +
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Show that the path of a particle under central force of inverse square law is in general a conic.

d%u

. —_m ¢(1 i
We have the equation g Tu= ) (u) ®

. k i
For central force of inverse square law F = f(r) = 5 1

then f G) = +ku? V!

2
Then from equation (i) we have ZT:: +u+ T:—Zk =0

k d? ..
Let uiTZ—Zzy thendeg+y= .................................... (ii)

v

The general solution of the equation (ii) y = A cos(1.¢ — ¢g)

Then finally u = -T-T—Zk + Acos(¢p — ¢py)

2
L
L TGR

Or, % = iTZ—Zk + Acos(¢p — ¢y) =1+ (é) cos(¢p — ¢y)

Hence orbit equation is in general an equation of conic section in a plane polar co-ordinate with focus at r = 0

2
with semi-latus rectum [ = (ﬁ) and eccentricitye = <%>
2z

[Note that: if we solely interested in the orbit equation then ¢ is irrelevant. because it locates the initial

position of the particle on the orbit.]

4+ Note that as —1 < cos(¢p —¢py) <1 then % = ?TZ—Zk+ A(+1) = irz—zki Auvevevevenrsrinns (i)
. k 1 mk
For repulsive force f(r) = +3 then, —=-51A
so turning points are given by % = —T—zk + A and % = —T—zk - A

As r cannot be negative then there is only one turning point in case of repulsive force.

For attractive force f(r) = —r% then, % = TZ—Zk + A(+1)
. . . 1 mk 1
so turning points are given by =7 A and = A
1 2

Then for TZ—ZR > A there are two turning points.

But for nZ—Zk < A as r cannot be negative then there is only one turning point.
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1

, L
% Note that, we have 7 = \/% {E -V L }2. At turing points 7 =0 then E F

k L?
2mr2(t)

r(t) 2mri(t) -

0

2

L k
2mr2(t) i%_E =0

- L2 2L2E
1 FkE|k2-4—(-E)  _ gk K2+ .
Then 2= T om0 gy N T (i

L2 12 L2 ceeeeesseeeeseenes

2m m

Then % is also the solution of the equation.

Comparing equation (i) and (ii) we get that A =

/k2+ﬂ 2
Then eccentricitye = <_;4nk> =F| 0z |= J 1428 \/ 14+, (iii)

1z LZm

Equation (ii) relates eccentricity (¢) with semi-latus rectum (1) through energy (E) of the system and force

constant (k).

General equation of a conic is % =1+ ecos(¢p — ¢o) with semi-latus-rectum [ and eccentricity &
Note that: When ¢ < 1 the conic is ellipse.
When & = 0 the conic circle.
When & = 1 the conic is parabola

When ¢ > 1 the conic is hyperbola.
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Motion with different values of k:

E;

AL

altzro 7I”3 > E, =0
! ' k<0, 1%0 r—

| 1

| :(/_ .

1 ) 3

|

|

|

=
Ty
-

Case 1 k>0 for repulsive force:

2

we have the total energy as F = %mf"z(t) +V+ then fork > 0 the total energy is positive then the

L
2mr2(t)
particle comes in fromr = o to a turning point and travels out to infinity again. Motion is thus unbounded and

not periodic in r. For example a particle with total energy E;. The turning point lies at r = r;

Case 2 k=0 for no force: then turning point occur at smaller values of r =1y <ny

Case 3 k<0 for attractive force:

If total energy is positive then motion is unbounded the turning point occur at r = r''; < r'; < ry. That means
turning point occur at smaller value of r than in the case k > 0 and k = 0. The particle with this energy can

never come closer than r'"’;.



Notes on CENTRAL FORCE PROBLEM
B8y SUMAN SADHUKHAN(ASSISTANT PROFESSOR PRTG COLLEGE) Page |11

1 mk?

But if the energy is negative and greater than minimum potential energy V'(r) = — that means energy

2
n;’; there are two turning point and the motion is bounded. For example a particle with total

between 0 & — %
energy F5. The turning points lies at r = r3 & 1’3, The lower bound is r; and the upper bound is r'; the orbits
are not necessarily closed but are bounded and contained between two circles of radius 3 & r'5. We shall show

later on that the orbit is, in fact an ellipse.

Case 4 for minimum potential: for energyE, in this case two bounds r; & r'; coincide and the motion is possible

2
only at one radius 7, = 1y hence orbit is a circle. We will see later that ry, = %

Calculate the minimum effective potential energy for attractive force:

k L2 - dvi
we have V' = ——+_——— for minimum value of V"’ let forr =7, we have — =0
k L k L? 1mk?
- = r,79 =— Then V' ;, = ——+—5—=—=
then 92 mry3 0 or, 7 mk - 0€ Vimin 12 + Zm(ﬁ)z 2 12
mk mk

Stability of orbit and condition for closure:

R

ar? >0

The condition of stability in radial motion is given by the existence of a local minimum in V’ i.e.

For any central force f(r)= kr™ potential V = —kr"t1
I _L..n+1 L? Lo n—LZ
Then V' = —kr to—= = k(n+ Dr —
. . v n L?
For maximum or minimum at r =7, —— = 0 then k(n + Dry" = — —
0

L  _3-n
~k(n+1) = ——Tp
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. otvr n—-1 , 37

Again —— = —kn(n + Dr"™" + —
then (azvl) =—kn(n+ Dry™" 1 + 3L
012 Jy=r, a 0 mro*

— L2 —3-n),. n-1 312 _ (n+3)1?
=-n 7o + e
m mry mry

2 !
Then (a_v) >0for(n+3)>0 or,n>-3
=79

or?
Therefore for any circular orbit with r = ry under any central force can satisfy the stability condition if n > —3

Condition for closure: an orbit is said to be closed if the particle eventually retrace the path condition are stated

as follows:

(i) All bound orbits are closed only for inverse square law of force of Colombian OR, Newton type and for linear

law of force Hooke’s type.

(ii) The condition for bound motion is that there is a bounded domain of r in which V’ < E. The condition for

stability of the orbit is n > —3 where f(r) = kr™.the closed exists only for n = —1landn = —2.



